






lo>i noi dau 


Trong mon Toan b trubng THPT, bat dang thuc ngay cang dirge quan 
tam dung muc va to ra co sue hap dan manh me nhb ve dep va tinh doc dao 
cua phuong phap va ky thuat giai chung cung nhu yeu cau cao ve tu duy cho 
nguoi giai. Bat dang thuc la mot trong nhung dang toan hay va kho doi vdi 
hoc sinh trong qua trinh hoc tap cung nhu trong cac ky thi, trude het la ky thi 
dai hoc ma hau het hoc sinh THPT deu phai vuot qua. Ngoai ra bat dang thuc 
cung la mot dang thubng gap trong cac ky thi hoc sinh gioi toan b cac cap 
tinh, Quoc gia, Olympic khu vuc va Olympic quoc te. 

Cac bai toan bat dang thuc khong nhung ren luyen tu duy sang tao, tri 
thong minh ma con dem lai say me va yeu thich mon Toan cua ngubi hoc. 

Trong de tai nghien cuu khoa hoc nay, tap the ldp 10 Toan tnrbng THPT 
Chuyen Quang Binh xin trinh bay mot so van de ve bat dang thuc, mot so 
phuong phap chung minh bat dang thuc. Be tai gom cac bai viet cua cac 
nhom tac gia duoc trinh bay dubi dang cac chuyen de. 


Nhom tac gia 
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BAT DANG THlTC AM-GM VA U’NG DUNG 


Doan Qudc Bat - Ngo Hoang Thanh Quang 

1. Bit ding thuc AM-GM 
1.1. Dinh U 

Dinh li (Bat dang thuc AM-GM). Voi moi so thuc duang a l ,a 2 ,...,a n ta co bat dang 
thuc 


a l +a 2 +...+a n 
n 

Bang thuc xay ra khi va chi khi a ] = a 2 =... 

1.2. Chung minh 

Phuang phap “Quy nap Cauchy” 


->nla 1 a 2 ...a n 

= Cl n ■ 


Voi n = = 




>0=> + ^ 2 > (dung) 


Gia su bat dang thuc dung voi n = k ta se chung minh bat dang thuc dung voi 
n = 2k . Su dung gia thiet quy nap ta co: 

a l +a 2 +... + a 2k _ 1 f a x +a 2 +... + a k a k+l +a k+2 + ... + a 2k ^ 

2k ~ 2\ k + 2k J 

> ^a t a 2 ...a k +^a k+1 a k+2 ...a 2k ] > ^kja y ..a k fip +r ..a 2k = ^a,a 2 ...a k ...a 2k 

Gia su bat dang thuc dung voi n = p ta se chung minh bat dang thuc dung voi 
n = p- 1 . 

That vay, xet p- 1 so: a l ,a 2 ,...,a p _ 1 > 0. Su dung gia thiet quy nap voi n = p ta co: 


a, +a 2 +...+ a p _ l +^a ] a 2 ...a p _ l , - , r— 

---^ \] a \-- a p -v^a v ..a p _ l = p-Jafi 


>a x +a 2 +... + a p _ l + p ^Ja l a 2 ...a p _ 1 > p. p ~^ja l a 2 ...a p _ 1 
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Theo nguyen li quy nap ta co bat dang thuc dung vai moi n>2,Vne 


Dang thuc xay ra khi va chi khi a ] =a 2 =... = a n . 


1.3. Cdc dang thiwng gap 



Vi du 1 : (Bat dang thuc Nesbit) Chung minh rang vai moi so thuc khong am 


a + b + c > 3 
b+c a+c a+b 2 


Giai: Xet cac bieu thuc sau 


S ~ a + b + c 

b + c a + c a+b 


b+c a+c a+b 
c + a + b 
b + c a + c a+b 


Ta co M + N = 3 . Mat khac theo bat dang thuc AM-GM thi 




a + b b + c c + a v 


_ a + c a + b b + c „ 

n+ s = — ^Mm—+ — >3 

b + c a + c a + b 


Vay M +N + 2S>6^>2S>3 hay 

a b c ^ 3 

- 1 - 1 -> — 

b+c a+c a+b 2 

Dang there xay ra khi va chi khi a=b = c (dpcm) 

Nhan xet: Bai nay con nhieu each giai khac nhimg co le day la each hay nhat vi 
viec nghi ra cac bieu there M,N khong phai la d6 dang. 

VI du tren phan nao cho ta thay dirge she manh va sir tinh te cua bat dang there AM- 
GM, nhemg do chi moi la mot vl du don gian. Chung ta se xet den ki thuat them hot 
trong bat dang there AM-GM qua vl du sau. 

VI du 2: Chung minh rang voi moi so there khong am a,b,c ta co 


a + b + c > a+b+c 
b+c a+c a+b 2 


Giai: Sir dung bat dang there AM-GM, ta co: 

a 1 b+c 


b + c 4 

b 2 +a + c 
a + c 4 

c 2 a+b 


-> 2 , 


> 2 , 


> 2 . 


r 

b + c 

ib + c 

4 

l b '- 

a + c 

1 a + c 

4 

l c \ 

a + b 


a + b 4 

Cong theo ve 3 bat dang there tren ta co: 

a 2 b 2 c 2 a+b + c ^ 

- 1 - 1 - 1 -^ 

b+c a+c a+b 2 


Hay -+-+-> 

b+c a+c a+b 
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Dang thuc xay ra khi va chi khi a=b=c (dpcm) 


Nhan xet: Day la dang bai tap danh gia diem rod tir AM sang GM. Neu nhirng ai 
moi chi tiep xuc qua bat dang thuc AM-GM thi co the nhan xet rang viec tim ra 

danh gia -g -— + ^-^>2 ■ = a co ve mang nhieu tinh may man. Nhung 

khong phai vay, chung ta cung de y, diem roi cua bat dang thuc tren tai a=b = c. 

Khi do —— = —, chung ta phai tao ra mot bieu thuc de vira co gia tri bang —, vira 
b+c 2 2 


co the loai duoc mau cua bieu thuc -. Hon nua, 2 ve cua bat dang thuc la dong 

b+c 


bac 1, trr do de dang nhan ra bieu thuc them vao phai la . 


Su dung ket qua bai nay ta co the lam bai toan sau: 

Vi du 3: [IMO 1995 ] Cho a,b,c >0 thoa man abc = 1 . Chung minh rang: 


1 

a 3 (b + c) 


1 

b 3 (a + c) 


■ 3 (a + b) 


( 1 ) 


Giai: Bat dang thuc can chung minh tuong duong voi: 

abc abc abc >1^1 1 1 ^ 

a 3 (b + c) b 3 (a + c) c 3 (a + b) 2\a b c) 




¥ 

i i 


Dat x = -,y = -,z = - , ta quay trb lai vi du 2. 
abc 

Nhan xet: Bai nay co the giai bang bat dang thuc Cauchy - Schwarz ma chung ta se 
xet trong phan sau. 

Vi du 4: Cho a,b,c> 0. Chung minh rang: 

ab be ca ^ a+b + c 

- 1 - 1 -<- 

a+b + 2c b + c + 2a c + a + 2b 4 


- 10 - 



Giai: Ta co: 


ab ab ^ , If 1 1 ) 

-= 7 -r- 7 -r < ab. —- 1 - 

a + b + 2c (a + c) + [b + c) 4\a + c b + c J 

bc _ be < be 1 f 1 1 1 

b + c + 2a (a + b) + (b + c ) 4\a+b b + cJ 

ca - Ca < ca 1 f 1 1 a 

c + a + 2b (a + b) + (b + c ) 4\a + b b + c) 

Cong theo ve 3 bat dang thuc tren ta dugc dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a=b = c 

Nhan xet: Trong vi du tren chung ta da su dung bat dang thuc AM-GM dang cong 
mau so: Cho a l ,a 2 ,...,a n la cac so thuc duong. Ta co: 


(a, +a 2 + ...+a ) — + — + — I >n 2 

la, a, a 1 


Dang thuc xay ra khi va chi khi a l =a 2 =... = a n . 

Vi du 5: Cho 3 so a,b,c khong am, chung minh rang: 


a 3 

I-P-, 1 

a 3 +(b + cf ]j 

b 3 +(a + c) 3 ' )j 


Giai: Xet bat dang thuc phu sau: 


y/l+x 3 <l + y(Vx>0) 


That vay, theo bat dang thuc AM-GM, ta co: 

yjl + x 3 = J(l + v) (l - x + x 2 ) < 
Ap dung vao bai toan ta co: 


1+x+l-x+x 2 - X 2 

-= 1 + — 

2 2 


1 “ 3 - 


I 1 

J a 3 +(b+c ) 3 

\ 

i-i 

( b + c \ 

y a ) 

3 - 
1 1 

l + i| 

' 2 1 



( 1 ) 


Tuong trr ta co 
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I l > b l 

\Jb 2 +(a + c) 3 a 2 +b 2 +c 2 
]jc 3 +(a + b) 3 a 2 +b 2 +c 2 

Cong ba bat dang there theo ve ta dirge dieu phai chung minh. 

Dang there xay ra khi va chi khi a=b = c. 

Nhan xet: Bai toan tren thuoc dang bai tap danh gia diem roi cua bat dang there ter 
bieu there GM sang AM. Diem kho cua vi du tren la nam a cho doi bien va tim ra bat 
dang there phu (1). Bai tap tren con co the giai bang bat dang there Cauchy-Schwarz. 

Vi du 6 [diendantoanhoc.net] Cho 3 so there duong a,b,c thoaman ab+bc+ca = 1 
.Chung minh rang: 


— + — + — >3 + J— + 1 + J— + 1 + , — + 1 


Giai: Bat dang there can chung minh tuong duong voi: 


ab+bc + ca ab+bc + ca ab+bc + ca 

-+-+- 

ab be ca 


^ \a 2 +ab+l 




(a + fr)(a + c) 


Ma theo bat dang there AM-GM thi 


Can chung minh V — + V — > 6 (hien nhien dung theo AM-GM) 
A? b ^ a 


Vay bat dang there da cho duoc chung minh. 


Dang there xay ra khi va chi khi a = b = c = —j= 

v3 
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Nhan xet: Vdi bai toan tren, neu kheo leo sir dung gia thiet ab + be+ca = 1 thi bai 
toan se trd nen dan gian. 

Vi du 7: Cho cac so thuc duang a,b,c. Chung minh: 

a + b + c > a+b + b+c + c+a 
b c a c+a a+b b+c 

Giai: Bat - = x,- = y,— = z. Khi do, ta co: 
b c a 


a+b _\ + yz _ + l~y 
c+a 1 + z 1 + z 


Bai toan quy ve viec chung minh: 


—+ ^—i + —>0 

y+l z +1 x+\ 

Q (.r-l)(z + l) + (/-l)(x + l) + (z 3 -l)(y + l)>0 


o x 2 z + z 2 y + y 2 x+ X 2 + y 2 + z 2 > x+ y + z + 3 

De thay theobat dang thuc AM-GM taco: 


x z + z y + y x > 3 %Jx y z = 3 


v i t ■, (x+y + z) 2 

x+y+z>- --— —>x+y + z (vijc+y + z>3) 

Ket thuc chung minh.Bang thuc xay ra khi va chi khi a = b = c. 

Nhan xet: Be y rang bieu thuc d ve phai cua bat dang thuc chua phep cong giua 2 
bien d ca tu va mau nen viec su dung bat dang thuc AM-GM mot each true tiep la 
vo cung kho khan. Bo do phuong an kha dT nhat la doi bien de tao ra bat dang thuc 
mdi. 

Bay gid, chung ta se xet tdi mot ki thuat mdi trong viec chung minh bat dang thuc 
bang AM-GM, do la ki thuat danh gia phu dinh. Ki thuat nay dupe dimg de chung 
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minh mot so bat dang thuc khi ap dung true tiep AM-GM thi bi nguoc dau rat hieu 
qua. 

Vi du 8 [ Bulgarian TST2003 ] Cho cac so thuc duong a ,b,c thoa man a+b+c = 3. 
Chung minh: 

s _ a | b | c > 3 
1 + b 2 1 + c 2 1 + a 2 2 

Giai: Bien doi va su dung bat dang thuc AM-GM ta co: 


a 


ab 2 

. ^ £J 

ab 2 

1 + b 2 


1 + b 2 



b 

= b- 

be 2 

>b- 

be 2 _ 

1 + c 2 


1 + c 2 

2c 

c 


ca 2 

> c 

ca 2 

1 + a 2 


1 + a 2 


~ 2^‘ 


Cong theo ve 3 bat dang thuc tren ta co: 


S >(a+b + c)--(ab+bc + ca) = 3-— (ab+bc + ca) 


Mat khac: 9 = (a+b + c) 2 >3(ab+bc + ca)^>ab+bc + ca<3 


TCr do suy ra S > - 


Dang thuc xay ra khi va chi khi a=b = c -1 

Nhan xet: 1. Cl bat dang thuc ban dau, neu ta ap dung true tiep bat dang thuc AM- 
GM thi se bi nguoc dau. Vi du: 




abc 3 . ., 

-=- (sai) 

2b.2c.2a 2 


2. Ta co bai to an tong quat cua bai to an tren: 

Cho cac so thuc duong a l ,a 2 ,...,a n thoa man a l +a 2 +... + a n - n . Chung minh rang: 


a l a 2 a n > n 

1 + a 2 1 + a 2 1 + Uj” 2 
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Vi du 9: Cho a,b,c la cac so thirc derong. Chung minh: 

[a + b + cf (ab+bc + ca\ > ^ 
abc \a 2 +b 2 +c 2 ) 

Giai: Theo bat dang thuc AM-GM ta co: 

2 / 2 2 . \2[ab + bc + ca) + (a 2 +b 2 +c 2 f\ ( a+b+cf 

[ab + bc + ca) [a +b +c)< --- - =- -——— 

Suy ra: 

ab + bc + ca [ab+bc + ca) 3 > 27 [ab + bc + ca) 3 

a 2 +b 2 +c 2 [ab + bc + caf [a 2 +b 2 +c l3 ) [a + b + c) 6 

' , , . , (a + Z? + c) 3 21 2 [ab + bc + caf 

Can chung minh: -- — + ---> 28 

abc [a+b+cf 

Theo bat dang there AM-GM taco: 

4 [a + b + cf 27 2 [ab + bc + ca) 6 
21 abc + (a + ft + c) 12 

Mat khac, ta co: 23 ( a + b + c ) > 2 3 (2) 

21 abc 

Ter (1) va (2) ta co dieu phai chung minh. 

Dang there xay rakhi va chi khi a=b = c> 0 

Nhan xet: Trong bai toan tren neu khong quan sat ki lerong ma ap dung ngay bat 

dang there AM-GM thi se dan den ngeroc dau vi ——-—— > 27 nhemg 

abc 

ab+bc + ca < ^ Q ua <55 cho chung ta thay deroc ve dep va sere manh cua phoi hop 

a +b~ + c~ 

hai bat dang there dong bac ngeroc chidu. 
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Vi du 10 [IMO 2005]: Cho cac so dirong x,y,z thoa man x 2 + y 2 + z 2 > 3. Chung 
minh rang: 


Giai: Bat dang thirc da cho dirge viet lai nhir sau: 




TCr day ta suy ra chi can xet trirdng hop x 2 + y 2 + z 2 = 3. 
Bat dang thirc can chung minh tirong dirong vdi 


5 x 5 -x 2 + 3 ~' 


Theo bat dang thirc AM-GM taco: 


jc jc 2 +1 

Bat a = x 2 ,b = y 2 ,c = z 2 . Suy ra: a+b+c = 3. 

Bat dang thirc can chung minh trd thanh 

—*1 
+ 3 

a +1 




2a 3 -a 2 + 2a + 3 


(a-l) 2 (-2a 2 +3a + 3) 

-^>o 

" 2a 3 - a 2 +2a + 3 


( 1 ) 


Khong mat tinh tong quat, gia sir a>b>c, suy ra a> 1 > c. Xet 2 trirdng hop: 
+TH1: b + c>l, suy ra a<2, khi do: 
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-2a 3 + 3a + 3 > 0 
-2& 3 +36 + 3>0 
-2c 3 + 3c + 3 > 0 


Suy ra, (1) dung. 

+TH2: b + c<l, suy ra a>2, khi do: 

(2a 3 - a 2 + 2a + 3) - 5 (a +1) = 2a 3 - a 2 - 3a - 2 


wr 2 -i-4-4Wr 2 -i-4-4L«i>0 

i, a a 2 a 3 J ^ 2 2 2 2 3 J 2 


Suy ra —-—-< -. Can chung minh: 


2a -a + 2a+ 3 5 


b +1 


c + 1 


2b —b + 2b+3 2c -c +2c + 3 5 

Ta co bo d 6 : Voi moi 0 < x < 1, ta co: 

3 X , + 1 -<- ( 2 ) 

2x 3 -x +2x + 3 5 

Ta co (2) tuong duong voi: 4x 3 > (x + l)(2x-l) 


t- Neu jc < —, ta co dieu phai chung minh. 


h Neu x>-, ta co: 
2 


4jc 3 -(x +1) (2x -1) > 4x 3 -2(2x-l) = 2 (2jc 3 - 2x +1) 

> 2(x 2 -2;t + l) = 2(x-l) 2 >0 (dpcm) 

Bat dang thuc (1) da duoc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1 . 

Nhan xet: 1. Diem kho cua bai toan nay la viec dua bat dang thuc ve dang (1) nho 
bat dang thuc AM-GM. 
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2. Bai toan nay co the giai bang mot so cac khac nhu Cauchy-Schwarz, S.O.S, 

U.C.T. 

Tiep theo, chung ta se xet mot so vi du ve sir ket hop giua bat dang thuc AM-GM 
voi mot so bat dang thuc cung nhu phirong phap khac. 

Bau tien chung ta se xet toi su ket hop giua 2 bat dang thuc AM-GM va Cauchy- 
Schwarz: 

Vi du 11 [ diendantoanhoc.net ] Cho 3 so thuc duong a,b,c. Chung minh rang: 


1 


1 


1 


a^3a + 2b b*j3b + 2c cy/3c + 2a y/5 abc 


Giai: Bat a = — ,b = — ,c = -. Bat dang thuc can chung mi nh trb thanh: 

x y z 


<j3zx + 2yz y]3xy + 2 zx ^3yz + 2xy ^5 
x , y , z 


'J5z.s]3x + 2y ■\j5x.yj3y + 2z y[5y.yj3z + 2x 5 


Theo bat dang thuc AM-GM va Cauchy-Schwarz, ta co: 


c *j5z.,j3x + 2y ~^3x + 2y + 5z 


> _2 (x + y + zf _ 

x(3x+2y + 5z)+y(5x + 3y + 2z) + z(2x + 5y + 3z) 

2 {x+y + zf 

3 (x 2 + y 1 + z 2 ) + 7 (xy + yz + zx) 

2 (x + y + zf 

3 (x 2 + y 2 + z 1 ) + ^(xy + yz + zx)+ 2 ®-(xy + yz + zx) 

> _ 2 (x+y + zf _ 

3(x 2 + y 2 + z 2 )+^[x 2 + y 2 + z 2 ) + ^-(xy + yz + zx) 

_ _ 3 (x+y + zf __ 3 

5^x 2 + y 2 + z 2 + 2[xy+yz + zx)\ 5 
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Bat dang thuc da dirge chung minh. 

Dang there xay ra khi va chi khi a = b = c. 

Tiep theo se la sir ket hap day ngoan muc giua 2 bat dang thuc AM-GM va Schur 
qua vi du sau day: 

Vi du 12 [Vasile Cirtoaje ]: Cho cac so khong am a,b,c sao cho a 3 +b 3 +c 3 = 3. 
Chung minh rang: 

a 4 b 4 +b 4 c 4 +c 4 a 4 < 3 

Giai: Theo bat dang thuc AM-GM ta c 6 : 



, b 3 +c 3 +l 4-a 3 

be < -=- 

3 3 

( 1 ) 

Tir do suy ra: 

,4 4 4b 3 c 3 - a 3 b 3 c 3 

b c < - 

3 


Tuong tirta co: 

4.4 4 a 3 b 3 -a 3 b 3 c 3 

a b < - 

3 



4 4 4 c 3 a 3 -a 3 b 3 c 3 

c a < - 



3 


Cong 3 bat dang thuc tren theo ve taduoc: 

4 4 4 4 4 4 4 (aV+^V+cV) , ,, 

a b +b c +c a <— - ’--a b e 

3 

4 (a 3 b 3 +b 3 c 3 +c 3 a 3 ) 

Can chung minh: — --- - - a b e < 3 

<=> 4 (a 3 b 3 + b 3 c 3 + cV) - 3 a 3 b 3 c 3 < 9 
Mat khac, theo bat dang thuc Schur, ta co: 

4 (a 3 b 3 +b 3 c 3 +c 3 a 3 )(a 3 +b 3 +c 3 )-9a 3 b 3 c 3 < (a 3 +b 3 +c 3 ) 3 
<=> 4 (a 3 b 3 + b 3 c 3 +c 3 a 3 ) - 3 a 3 b 3 c 3 < 9 

Vay bat dang thuc tren da duoc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1 . 
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Nhan xet: Trong vi du tren, neu khong phat hien ra bat dang thuc phu (1) thi viec 
giai la rat kho khan. VI du tren con co the giai quyet bang phuong phap don bien. 

Cuoi cung, ta se xet den su ket hop giua bat dang thuc AM-GM va phuong phap 
khao sat ham so. 

Vi du 13 [Viet Nam TST 2005]: Cho cac so a,b,c> 0. Chung minh: 

a 3 ( b 3 | c 3 ^ 3 
(a + bf {b + cf (c + af 8 


b c a . 

Giai: Bat — = x,— = y,— = z,=>xyz = 1. 
a b c 

Bat dang thuc can chung minh tro thanh: 

1 1 


1 


(1 + *) 3 (l + y ) 3 (l + zf~S 
Theo bat dang thuc AM-GM taco: 

1 1 ... 


1 


->3 


(l + x) 3 (l + x) 3 8 ]j 8(l + x) 6 2(l + x) 2 

1 


1 


(1 + y) (l + y) 8 ]j8(l + y) 2(l + y) 

1 


(l + z) 3 (l + z) 3 8 ^8(l + z) 6 2(l + z)' 


Ta can chung minh: 


Ta co: 


Suy ra: 


1 


(1 + x) (1 + y) (1 + z) 4 


1 2 ( Vx ’y >0 ) 


(i) 


(l + x) (l + y) 1 + V 

<=>xy(x-y) 2 +(xy-l) 2 >0 (luon dung) 

11 z 1 z 2 + z +1 


VT(1)> - 


1 + xy (l + z) z +1 (l + z)“ z 2 +2 z + 1 

Gia sir z = max [x,y,z}=> z> 1. 

z + z+1 


Xet ham so: 


f(z) = 


z + 2z+1 
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Ta co: 


/'(z) = 7^—^>0,Vz>l 

(z + 1 ) 


TO do suy ra: f(z) > /(1) = | 

Bat dang thuc da dugc chung minh. 

Dang thuc xay ra khi va chi khi a=b = c 

Nhan xet: Vi du tren la mot bai toan hay va kho. De giai dirge bat dang thuc tren 
can phoi hgp rat nhieu Id thuat ma loi giai tren nam trong nhung lbi giai nhanh va 
hay nhat cho bai nay. 

Sau day, chung ta se xet them 2 vi du ve dau bang khong doi xung trong bat dang 
thuc AM-GM, qua do, ta se thay het dugc ve dep va su tinh te cua bat dang thuc. 

Vi du 14 : Cho cac so a,b,c thoaman a+b+c = 3. Chung minh rang: 

aVb 3 + l+Wc 3 +l + c yja 3 + 1<5 
Giai: Taco: a\lb 3 +1 +by}c i +1 +cV « 3 +1 


= a^b +1) (b 2 - b +1) + byj(c +1 ) (c 2 - c +1) + CyJ(a +1) {a 2 - a +1) 

b 2 + 2 c~ + 2 a 2 +2 

< a. - + b. - + c. - 

2 2 2 

_ ab 2 +bc 2 +ca 2 
~ 2 ~ 


- + 3 


Can chung minh: ab 2 + be 2 + ca < 4 (1) 

Gia su b la so nam giua 2 so a,c .Ta co: 


a(Z?-a)(Z?-c)< 0 
<» ab 2 + a 2 c < a 2 b + abc 

=> ab 2 + be 2 + ca 2 < a 2 b + abc + be 2 = b{a 2 +ac + c 2 ^ 


Suy ra dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a = 0,b = l,c = 2 va cac hoan vi. 

Nhan xet: Cai kho trong vi du nay la danh gia dugc bat dang thuc (1). Ngoai each 
danh gia nhu tren, de chung minh ( 1 ) co the dung phuong phap don bien ve bien. 
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Vi du 15 [Tap chi TH&TT]: Cho a,b,c la cac sd thuc doi mot khac nhau thuoc 
[0;2]. Chung minh: 

„ 1 1 1 9 

P — - J H- J- H- 7T ^ - 

( a-b) (b-c) ( c-a ) 4 

Giai: Khong mat tinh tong quat gia su 2>a>b>c>0. Theo bat dang thuc AM-GM 
ta co: 

—^ + (a-b) + (a-b)>3^l—^.(a-b).(^b) = 3 (*) 

(a-b) y(a-b) 


b-c) + (b-c)>3j-±-,.(b-c).(b-c)=3 
-c) \(b-c ) 


(*- 


Cong 2 bat dang thuc tren theo ve ta co: 


1 TT+ , 1 2 +2(q-c) > 6 


(a-b)' (b-c) 

, 1 2 -2(a-c) + 6 

(a-c) 

' 1 9 

Can chung minh: P>^-^--2(a-c) + 6>-. 


( 1 ) 


1 9 

Vi 2>a>b>c>0 nen 0<a-c<2=>f ) >—-2.2+6 = — 

2 2 4 

9 

Vay P > —. Dang thuc xay ra khi va chi khi a = 2,b = \,c = 0 va cac hoan vi. 

Nhan xet: Trong bai toan tren, neu ta ap dung 3 lan bat dang thuc (*) cho 3 bien 
(a-b),(b-c),(c-a) thi bat dang thuc se roi vao ngo cut, khong the di tiep. Den luc 
dan den bat dang thuc (1) la bat dang thuc mot bien thi bai toan da trd nen don gian, 
ta nghi ngay den phuong phap khao sat ham so tren doan. 

Vay la chung ta da cung nhau di het chang dubng kham pha bat dang thuc AM-GM. 
Phat bieu va chung minh bat dang thuc da dupe dua ra trong muc 1. Cac ki thuat 
chuyen doi qua lai giua trung binh cong va trung binh nhan da duoc trinh bay trong 
cac vi du 2, 3, 4, 5. Ki thuat phoi hop giua bat dang thuc AM-GM va bien doi dai so 
thong thudng da duoc de cap trong cac vi du 6 ,7. Cac ki thuat danh gia phu dinh va 
phoi hop cac bat dang thuc dong bac nguoc chieu da duoc gidi thieu qua cac vi du 
8, 9. Su ket hop giua bat dang thuc AM-GM va cac bat dang thuc khac duoc gidi 
thieu trong cac vi du 11, 12, 13. Cuoi cung, phuong phap can bang he so hay dau 
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bang khong doi xung trong bat dang thnc AM-GM da dirge de cap trong hai vi du 
14, 15. Qua cac vi du tren phan nao cho chung ta thay ve dep, sire manh, sir linh 
hoat cua bat dang thnc AM-GM trong viec chung minh bat dang thnc. Sau day la 
mot so bai tap de giup cac ban cung co kien thnc: 

3. Bai tap tn giai 

Bai 1 . Cho cac so thnc dnong a,b,c thoa man abc = 1. Chnng minh: 

a b c ^ . 

— H-h — >a+b + c 

b c a 

Bai 2 . Cho cac so thnc dnong a,b,c thoa man abc = 1. Chnng minh: 

b + c c+a a+b ^ r rr r 

-H-H- -=r- ^.■\Ja+y/b+\C + 3 

yja y/b y/C 

Bai 3 . [Russia MO] Cho a,b,c > 0 thoa man a+b+c = 3. Chung minh: 

yfa + yfb +yfc >ab +be+ ca 
Bai 4 . Cho cac so thnc dnong a,b,c. Chung minh: 

(a 5 - a 2 + 3)(b 5 -b 2 + 3)(b 5 -b 2 + 3)> (a+ b + cf 
Bai 5 . Chung minh rang voi moi so thnc x,y,z>- 1 : 

^ + ^ + ^ > 2 
1 + y + z 2 1 + z + x 2 l + x + y 2 

Bai 6 . Cho cac so thnc dnong a,b,c. Chung minh: 

3(x 2 y + y 2 z + z 2 x)(xy 2 + yz 2 + zx 2 )>xyz(x + y + zf 

Bai 7 . [MOSP 2001] Cho cac so thnc dnong a,b,c thoa man abc = 1. Chung minh: 

(a+b)(b + c)(c + a) >A[a+b + c-l) 

Bai 8 . Cho cac so thnc dnong a,b,c . Chung minh: 

a + yfab + yjabc I a + b a + b + c 




Bai 9 . Cho cac so thnc dnong a,b,c . Chung minh: 

1 1 1 


a{\ + b) Z?(l + c) c(l + a) Ijabc ^l + ljabc j 
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BAT DANG THtTC MINKOWSKI VA LfNG DUNG 

Doan Quoc Dat - Ngo Hoang Thanh Quang 


1. Bat dang thuc Mi nk owski 

7.7 Bat dang thue Minkowski dang 1 

1.1.1 Dinh li 


Cho 


{ a l ,a 2 ,...,a n e □ + 

b v b 2 ,...,b n if* 


va 1 < p |j§ 


khi do 


2X 


,k =1 J L k =1 



Dang thuc xay ra khi va chi khi — = — = . 

b x b 2 b n 

Dac biet: Va 2 +b 2 + Jc 2 +d 2 > ^(a + c ) 2 +(& + d ) 2 

yla 2 +b 2 + c 2 + ijm 2 +n 2 + p 2 > J(a + mf +{b + n)“ + (c + /?)“ 

7.7.2 Chung minh 

Lay f/eU + sao cho - + - = !. Sir dung bat dang thuc Holder cho 2 bo day so: 

p q 

{a l ,a 2 ,...,a n e D + ^ ib i ,b 2 ,...,bJ0^. ' 

\{a l +b l ) p -\{a t +b 2 ) p -\...,{a n +bj- x ™ \{ a ^b l ) p ~\{a 2 +b 2 ) p -\...,{a n +bj^ 

Ta co: [a p +a 2 p + ... + a/)^ +b l f P ~ 1)q + ... + ( a n +b n ) {p ~ 1)q J 9 > (a* + & Jt ) P ” 1 

+b 2 p +... + b n p y j^(aj +b x f P + ... + (a„ + & n )^ (a* +b k ) P 1 

Lai co: — + - = l<=>p = (p-l)#, nen cong 2 bat dang thuc trenta co: 

p q 
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1.2 Bat dang thuc Minkowski dang 2: 

1.2.1 Dinh li 

a l ,a 2 ,...,a n e □ + 

Cho < b^b 2 ,—,b n G ^ khi do ta co bat dang thuc 




Dang thuc xay ra khi va chi khi — = — = . 

b\ b 2 b n 


2. Vi du: 

Vi du 1; Cho cac so thuc duong a,b. Chung minh: 

( 1 ) 
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HD: Bua bat dang thuc (1) ve dang: 




Sn dung bat dang thuc Minkowski loai 2 ta co dieu phai chung minh. 

Vi du 2: Cho cac so thuc duong a,b,c. Chung minh rang: 

yja 2 +(b + cf +yjb 2 +[c +a) 2 +yjc 2 +[a + bf > JL °^ 

HD: Vi bat dang thuc tren la thuan nhat nen ta co the chuan hoa: a+b+c = 1. 
Bat dang thuc can chung minh trd thanh: 

a + (l—u) + ilb + (l— b^ + Jc~ + (l—c) > —j= 

v2 


Ta co: VT >yj(a + b+c) 2 + (3-a-b-c) 2 > 


'(a + b + c + 3-a-b-c) 3 




Vay ta co dieu phai chung minh, 

Dang thuc xay rakhi va chi khi a=b = c. 

Vi du 3: Cho cac so thuc duong a,b,c sao cho a+b+c< 1. Tim min cua: 


Giai: Ta co: P> \a 2 +b 2 +c 2 + -^-r + \ + \ + 2| . 

V a 2 b 2 c 2 y 


u u 111 

ab+bc+ca-\ -1-1- 

ab be ca 


=Jy« 2 +y J ^+-fsT+2y-l+2f a /,+te+ 

^81 a 2 81 V^a 2 ^ ab J { 


1 1 1 ^ 

l - 1 - 1 - 

Slab 81 be 81 caJ 


> *+«> i + i + i ) + i>_jr 2 

\3 8lU be) 3 

Vay min P = y/%2 khi va chi khi a = b = c-^. 

Nhan xet: Voi bai toan tren neu voi vang ap dung ngay bat dang thuc AM-GM thi 
se khong thoa man dieu kien a+b+c< 1 dan den sai. Ta co bai toan tong quat cua 

bai tren: Cho cac so thuc duong a 1 ,a 2 ,...,a n thoa man a l ,a 2 ,...,a n < ^ . Tim min: 
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{ a v a 2 ,...,a n > 0 

a x + a 2 +... + a n = 1. Chung minh: 
n feS, n> 2 



Giai: Ap dung bat dang there Minkowski loai 2 ta co: 



Iheo bat dang thuc AM-GM taco: 


I - a,+a 7 +... + a„ 1 

^a,a 2 ...a n < ---= - 


Do do: 



Dang there xay ra khi va chi khi a x =a 2 =... = a n = —. 

n 

Vi du 5: Cho cac so there derong a,b,c thoa man ab+bc+ca = abc. Chung minh: 



Giai: Iheo bai ra ta co: ab+bc+ca = abc <=> — + - + - = 1 

a b c 

Bat dang thhc can chung minh terong derong voi: 



Ap dung bat dang thhc Minkowski, ta co: 



Bat dang thhc tren chung minh. 


27 




Dang there xay ra khi va chi khi a = b = c = 3. 

Nhan xet: Bai nay khong kho, chi can tinh y dua bat dang there ve dang (1) la bai 
to an trb nen rat de. 

Vi du 6: Cho cac s6 there derong a,b,c . Chung minh: 

2(l + a 2 )(l + b 2 )(l + c 2 )>(l + a)(l + b)(l + c)(l + abc) 

Giai: Bo d6: 2(l + n 2 ) 3 >(l + n) 3 (l + n 3 ),Vn >0(1) (u 2 + w + l)>o) 

Quay trb lai bai toan, ta co: 

[2(l + a 2 )(l + ^ 2 )(l + c 2 )] 3 =2(l + a 2 ) 3 .2(l + ^ 2 ) 3 .2(l + c 2 ) 3 

> (l + a) 3 (l + a 3 )(l + Z?) 3 (l + Z? 3 )(l + c) 3 (l + c 3 ) 

= (l + a 3 )(l + Z? 3 )(l + c 3 )[(l + a)(l + Z7)(l + c)] 3 

> [(l + a£c)(l + a)(l + Z?)(l + c)] 3 

Vay bat dang there deroc cherng minh. 

Dang there xay ra khi va chi khi a-b = c. 

3. Bai tap ter giai 

Bai 1. Cho cac so there derong a,b,c. Chung minh: 

Bai 2. Chung minh rang: 

(aj -l)(a 2 -l)...(a n -l) < ^a l a 2 ...a n -lj ,Va ; > 0 
Bai 3. Chung minh rang: 

njm + ijp +!{Jm-!{[p < 2.yjm, V j / _ 

[m,p > 0 

3 

Bai 4. Cho cac so there duong a,b,c thoa man a + b+c<- . Tim min: 

5 = 
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BAT DANG THtrc HOLDER VA U’NG DUNG 

Doan Quoc Dat - Ngo Hoang Thanh Quang 

1. Bit ding thuc Holder 

1.1 Dang tong quat 

1.1.1 Dinh U 

, \a,,a 2 ,...,a e □ + 11 

Cho 2 bo so va p,q§ig) + sao cho — + —= 1. Khi do,taco: 


(a^ +a 2 p +...+a n p y .{b q +b 2 q +...+b n q y > afa+a^ +...+a n b n 

1.1.2 Chung minh 

, > 11 a p a q 

Bo de: Cho a,be □ + va p,qm$ t + sao cho — + —= 1. Khi do: — + — >ab. 

p q p q 

Chung minh: Vi p, q «□ + , — ,-e => 3m, n. k e 

P q 

Sao cho — = — vdi m+n = k. Six dung bat dang thuc AM-GM taco: 

p k q k 

a p a q m n - m.a m +nb n klk 

— + — = -.a m +-.b n = -> yja b =ab 

p q k k k 

Dang thuc xay ra khi va chi khi a p =b q . 


. , .. a b — 

Ap dung bo de a =-- — r ,b = -— r voi j = \,n.Ta co: 

(M (»-J 
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1.2. Mb' rang 1 cua bat dang thuc Holder [ Bat dans thuc Francis-Lithewood] 


„ x \a.,a-,,...,a„ «0! + , , ,11 , 

Cho 2 bo so 1 “ va p,qeU sao cho — + —= 1. Khi do,ta co: 

\b x ,b 2 ,...,b n p q 

(a x b { +a 2 b 2 +... + a n b n ) P9 < (a , p +a 2 p + ... + a/) 9 [b q +b 2 q + ... + b n q y ,\/pq * 0 

1.3 Mo' rong 2 cua bat dang thuc Holder 


Cho m bo so 


Khi do ta co: 


a l ,a 2 ,...,a n 

b.,b 2 ,...,b„ e □ + , \p,,p 2 ,...,p n &S,f 

va \ 

[p l + p 2 +...+ p n =l 

i x ,i 2 ,..j n: f! + 




1.4 Mo’ rong 3 cua bat dang thuc Holder \Bat dang thuc Jensen] 
a v a 2 ,...,a n -^\ + 

b x ,b 2 ,...,b n e □ + , ja,/3,...,ye D + 


a + f3+... + y = 1 


l 1 ,l 2 ,...,l H eU + 




2. Vi du 

Trong the gioi bat dang thuc, cac bat dang thuc co chua can thuc hoac cac luy thua 
bac cao luon la chuong ngai vat can buoc chung ta. Viec chung minh cac bat dang 
thuc nhu vay luon gap kho khan va thuong lam chung ta ton rat nhieu thai gian. 
Nhung y nghi nhu luy thua de khir can thuc trong nhieu truong hop se dua ta den 
voi nhung bai toan phuc tap va kho hon bai toan goc. Tuy nhien, khong han la 
khong co each giai quyet van de nay; mot trong nhung each xu li tot do chinh la sir 
dung bat dang thuc Holder: 
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Be hieu r5 han ve bat dang thuc nay, chung ta se den vdi vi du sau: 


Vi du 1 


Cho a,b,c> 0.Chung minh: 



4 [a + b + c) 


3 [a + b)[b + c)[c + a) 


Phan tick va djnh hie&ng loi giai 

Mot cau hoi duoc dat ra la: Tai sao lai nghiden viec su dung bat dang thuc Holder? 

- Nhu da noi d tren thi viec can thuc xuat hien can thuc d ca 2 ve goi cho chung ta 
y tudng binh phuong ca 2 ve. Khi do, ta can chung mi nh: 

16 [a+b + cf 
~ 3 (a + b)(b + c)(c + a) 

Xem ra, budc dau chung ta kha thanh cong trong viec khu di ddu can thuc d ve 
phai. Tuy nhien, den day, neu nhu bien doi tuong duong thi se ton kha nhieu thdi 
gian, vi ve trai con co su xuat hien cua 4a\4b;4c dudi mau cua cac phan thuc. 

Bieu can thiet bay gid la phai triettieu duoc cac dai luong nay. 

Neu nhu su dung bat dang thuc Holder kieu : 




The nhung each nay van chua phu hop; neu lam nhu tren, ta can phai chung minh 

(Zla + b+Z/c + a+yb + c ) 16 (a + b + cf 

a + b + c 3 (a + b)(b+c)(c + a) 

Tuy nhien, viec chung minh bat dang thuc nay lai be tac do su xuat hien cua cac 
dai luong yja + b;l]c + a;2jb + c d ve trai. Bo do, chung ta se khong di theo con 
dudng nay. Vay, bay gid phai lam the nao? Cac y tudng khu can thuc hau nhu da 
duoc su dung nhung cong viec chung minh van khong tha nh cong. R5 rang la 
chung ta can phai tinh te hon chut nua. Be y rang trong budc khu Va; bang 
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viec sir dung bat dang thuc Holder neu nhu thay dai lugng nhan them ( c + b+a ) 
bang ^c(a+bf +b(c+af +a(b+c) 2 ~^thitSis6mvL a+b;c + a',b + a se la so nguyen. 
Khi do ta co : 


J a + b +^J c + a + ^Jb + c_ |~ c ( fl + ^ 2 + b( c + a) 2 + a(& + c) 2 J > (a + b + c+a+b + af 


Ta can chung minh 

8 (a + b + cf > 16(a + Z? + c) 3 

c(a + bf +b(c + af + a(b + cf 3 (a + b)(b + c)(c + a) 

<=>3(a + &)(& + c)(c + a)> 2^c(a + &) 2 +b(c + af +a(b + c) 2 J 

<^>{a + b + c)(ab + bc + ca)> 9abc 

Day la mot ket qua quen thuoc theo bat dang thuc AM-GM : 

a + b + c> 3yjabc 


ab + bc + ca>3\a b e 

TCr do ta co dieu phai chung minh. Dau dang thuc xay ra khi a = b = c 
Cho a,b,c> 0 .Chung minh rang: 


Vi du 2 


\b + c \c + a \a + b 
Phan tich vd dinh hu&ng loi gidi 
Ap dung bat dang thuc Holder, ta co: 


>2 




>( a+b+cf 


Ta can chung minh: 
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(a + b + cf > 4[a 2 (Z? + c) + Z? 2 (c + a) + c 2 (a + Z?)] 
a 3 +b 3 +c 3 +6abc > ab(a + b) + bc(b + c) + ca{c + a) 


Bat dang thuc nay hien nhien dung theo bat dang thuc Schur. 

a 3 +b 3 +c 3 +3abc > ab(a + b) + bc(b + c) + ca(c + a) va 3abc>0 
Ket thuc chung minh. Dau dang thuc xay ra khi a = b;c = 0 va cac hoan vi 
Cho a,b,c,d> 0 thoaman abed = 1 .Chung minh: 

4 4 (a 4 + l)(Z> 4 + l)(c 4 +l)(d 4 +l)>^a + Zj + c W + - + ^- + - + -^J 

( Gabriel Dospinescu) 


Vi du 3 


Phan tick va dinh huvng loi gidi 
Do abed = 1 nen bat dang thuc can chung minh co the viet lai thanh 

4 4 (a 4 +l) (Z? 4 + l) (c 4 + 1 ) (d 4 + 1 ) ^ (a + b + c + d + abc + bed + eda + dab) A 
Den luc nay thi y tudng kha ro. Ap dung bat dang thuc Holder, ta co: 

*l(a 4 +l)(l + Z> 4 )(l + c 4 )(l + cZ 4 ) > a + bed 

*J(l + a 4 ^(b 4 + l)(l + c 4 )(l + cZ 4 ) >b + eda 
yj(l + u 4 )(l + Z> 4 )(c 4 +l)(l + ^Z 4 ) ^ c + dab 
4^1 + a 4 )(l + Z? 4 )(l + c 4 )(cZ 4 + l) >d + abc 


Cong ve theo ve cac bat dang thuc tren, ta co: 

4 *j(a 4 + l)(& 4 +l)(c 4 +l)(cZ 4 + l) >a + b + c + d + abc + bed + eda + dab 
=> 4 4 (a 4 + l)(b 4 + l)(c 4 +l) (d. 4 +1) > (a + b + c + d + abc + bed + eda + dab) A 
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Day chinh la dieu can phai chung minh. Dau dang thuc xay rakhi a = b = c = d = 1 


VI du 4 


Cho a,b,c> 0 .Chung minh rang: 


a ^ b ^ c > 3 
^F^3? + Vc 2 +3a 2 + yja 2 + 3b 2 ~2 

Phan tick va djnh hie&ng loi giai 

Cung tirang tvr vi du , ta se tim each khir can thuc duoi mau ve trai bang viec sir 
dung bat dang thuc Holder : 


^ \Jb 2 +3c 2 


a ( b 2 + 3c 2 ) J > (a + b + cf 


Khi do ta can chung mi nh: 


(a + b + cf 9 

£a(6 2 +3c 2 ) 4 


<=> 4 (a + b + cf > 9'Y j a[b 2 + 3c 2 ) 
o a 3 +b 3 + c 3 >ab(a + b) + bc(b + c) + ca(c + a) 
Day la mot ket qua quen thuoc theo bat dang thuc AM-GM. 

Y,b 3 +Y,b 3 + Y,a >3^0 
=,£ a >>£ a b(a + b) 

Ket thuc chung minh.Dau dang thirc xay ra khi a=b = c 
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Qua cac vi du tren ta da thay dugc sue manh cua bat dang thuc Holder trude nhung 
bai toan co dang phan thuc: dua bai toan tu dang phuc tap ve dang dan gian han. 
Ben canh do, Holder con rat hieu qua doi vdi cac dang bat dang thuc thong thubng: 


Vi du 5 


Cho a,b,c> 0 thoaman a+b+c = 3. Chung minh: 

I a + QI J c 

\l + b + bc Vl + c + ca \ 1 +a+ ab 
Phan tick vd dinh hir&ng loi gidi 
Loi giai 1: Khong mat tinh tong quat, gia sir a = max{a\b\c\ 


Be y rang dau dang thuc xay ra tai 2 bo la a = b = c = 1 va a = 3;b = c = 0 Do do ta se 
sudung bat dang thuc Holder voi cac tham so m,n,p nhu sau: 


+ \^a\ma + nb + pc)\\ + b + bc^>\mY j a 2 + (n + p^ab^ (*) 

Dau dang thuc d (*) xay rakhi 


/ a 

b 

1 ° 

Vl +b+bc 

V 1 + c + ca 

V1 + a + ab 


a 2 (ma + nb + pcf (l + b +be) b 2 [mb + nc + paf (l + c + ca) c 2 (mc + na + pbf (l + a + ab) 


Bay gid ta se chon bo so m, n, p thoa man dong thdi 2 dau bang xay ra.Be viec 
chung mi nh do nang nhoc, ta se chon m,n,p sao cho m^a 2 +(n + p)^ab co dang 
k(a+b+cf ; cuthe :chon m = 2,n=\p=3. Khi do (*)trd thanh: 

[X (2« + ^ + 3c) 3 (l + b + be) J > 8 (a + b + cf 

Ta can chung minh 


^ h+b+bc j 


8(a+b + c) 6 >3£a 2 (2a+b + 3c) 3 (l + b + bc) (**) 

<=>8 (a+b + c) 7 > ^ a 2 ^a+b + c) 2 + 3b( < a+b + c) + 9bc~^(2a+b + 3c) 3 
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<i> A^ab^a 4 +b 4 ^ + 26^a 2 b 4 +39^a 4 b 2 + 54^a 3 b 3 +26la 2 b 2 c 2 
> 2A^ j a 4 bc + 93^ j a 3 b 2 c + 91a 2 b 3 c 

Bat dang thuc cuoi dung theo bat dang thuc Schur va AM-GM 

Ketthuc chung minh.Dau dang thuc xay rakhi a=b = c = \ hoac a = 3\b = c = Ova 
cac hoan vi 

Tuy nhien, viec bien doitu (**) ve bat dang thuc cuoi la mot buoc tonkha nhieu 
thbi gian va chi can mot chut so suat trong viec tinh toan thi toan bo cong trinh cua 
ta se "tan vao may khoi". Chung ta hay cung xem xet loi giai sau: 

Loi giai 2: 

Su dung bat dang thuc Holder ta co: 

Khi do ta can chung minh: 

fa 3 +& 3 +c 3 l >9 + 3 [ab + bc + ca) + 9abc 


<^> ^a 2 +3^a 3 b 3 |^a 3 +b 3 | + 6(a&c)3 >9+3^ab+9abc 
Sir dung bat dang thuc AM-GM ta co 

^cdb 3 ^ a 3 +b 3 \>2^ab 


2 2^2 2 


=>^o 2 +3^a 3 & 3 |^a 3 +b 3 j>^a 2 +6^ j ab = 9 + 4^ j ab 
Do do ta chi can chung minh: 

2 

ab + bc + ca + 6(abc)i >9abc 
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Theo bat dang there AM-GM taco: 


ab + bc + ca + 6[abcy > 3(abc)i + 6(a£c)3 =9{abcy 

Va tergia thiet a+b+c = 3 ta co 

2 2 2 2 

9(aZ?c)3 = 3(a+& + c)(a£c)3 >9(a&c)3 (abc)* =9abc 


ab + bc + ca + 6(abc)i >9 abc 


Vay ta co dieu phai chung minh.Dau dang there xay ra khi a = b = c = lhoac 
a = 3',b = c = 0 va cac ho an vj. 


Vi du 6 


Cho a,b,c> 0 .Chung minh rang: 

(a 5 -a 2 + ?>)(b 5 -b 2 + 3^c 5 -c 2 + 3)> (a + b + cf 


(USAMO 2004) 

Phan tick va dink hu&ng led gidi 

Cung nhir vi du dau tien ,mot cau hoi duoc dat ra la: Tai sao lai su dung bat dang 
thuc Holder?-Dau hieu nao de nhan bietno? 

De thay la bat dang there can chung minh khong thuan nhat, hon nua, cac bien hoan 
toan doc lap voi nhau; y tuong la ta se "ep" cac dai luong rieng biet {a 5 -a 2 +3); 

( b 5 -b 2 + 3y,[c 5 -c 2 + 3) ra de ha bat so bien. Tuy nhien, viec nay khong kha thi lam 
boi vi rat kho de tao ra duoc cac dai luong noi tren, do do ta se di tim mot con 
duong khac. Van dua tren y tudng ban dau, do vai tro cua a,b,c nhu nhau nen neu 
xu li duoc dai dien (a 5 -a 2 + 3) thi bai toan se duoc giai quyet. Nhan thay dau dang 
there cua bat dang there tai a = b = c = 1; bac cua ve phai la 3 va a,b,c doc lap voi 
nhau. Nen ta se sir dung bat dang there Holder nhu sau: 

(a+b + c) 3 < (a 3 + l + l)(l + Z? 3 + l)(l + l + c 3 ) 

Ta se chung minh bat dang there sau: 
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a 5 — a 2 + 3 > a 3 + 2 


(a-l) 2 (a 2 + a + l)(a + l)> 0 (dung) 

Tuang tuta co: 

b 5 -b 3 +3>b 3 +2 
c 5 -c 2 + 3>c 3 +2 

Nhan ve theo ve 3 bat dang thuc tren, ta co 

(a 5 -a 2 +3)(b 5 -b 2 +3)(c 5 -c 2 +3)> (a 3 + l + l)(l + 6 3 + l)(l + l + c 3 ) 

=> (a 5 -a 2 +3)(b 5 -b 2 +3)(c 5 -c 2 +3)>(a + b+ cf 
Day chinh la dieu can phai chimg minh.Dau dang thuc xay rakhi a = b = c = 1 
Cho a,b,c> 0 thoaman a+b+c = 3.Chung minh rang: 

l[a + y/b + yfc > ab +be+ ca 

Phan tick va djnh hie&ng loi giai 

Mot bat dang thuc da duoc neu len trong cuon Sang tao bat dang thuc cua Pham 
Kim Hung. Sau day la loi giai: 

Sir dung bat dang thuc Holder ta co 

(X^) (a+b + c) 5 > | JV 

Ta se chung minh: 

4 +c A +c A I >3 5 (ab + bc + ca) 1 (*) 


Vi du 7 


a 4 =x;b 4 = y,c A =z 
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(*) (x 3 + y 3 + z 3 ) 8 > 3 5 (*y + y 4 z 4 + z V) 3 

Vi day la mot bat dang there thuan nhat nen ta co the bo qua gia thiet dau bai de 
chuan hoa x 3 + y 3 +z 3 = 3 

Khi do ta can chemg minh 

3 > x 4 y 4 + y 4 z 4 + z 4 x 4 


Iheo bat dang there AM-GM thi 


^ x 3 + y 3 +1 _4 — z 


>x 4 y 4 < 


3 3 

4x 3 y 3 -x 3 y 3 z 3 


>2>V 


'4^x 3 y 3 -1x 3 y 3 z 3 


Do do ta can cherng minh 


4jyy 3 -3jc 3 y¥<9 (**) 


Do x 3 + y 3 + z 3 =3 nen (**)terong dirong 

4(x 3 + / + z 3 )(rV + y 3 z 3 + z 3 x 3 ) < 9x\y 3 z 3 + (x 3 + y 3 + z 3 f 
<=> x 9 + y 9 + z 9 + 3 x 3 y 3 z 3 > x 3 y 3 (x 3 + y 3 ) + y 3 z 3 (y 3 + z 3 ) + z 3 x 3 (z 3 + x 3 ) 

Day chinh la bat dang there Schur 

Ket thuc chemg minh.Dau dang there xay rakhi a = b = c = 1 


Vi du 8 


Cho a,b,c >0 thoaman a+b+c = — + - + Chemg minh rang: 

a b c 


(ab + bc + ca)[4ab +Jbc +Vca) >27 
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Phan tick va djnh hie&ns loi siai 


Kho khan cua bai toan chmh la a gia thiet cua no, do do ta se xh 11 dieu kien dau 
tien. Ta co: 


, 1 1 1 

a + b+c = — -\ - 1 -- 

a b c 


■e> abc ( a+b + c) = ab+bc + ca 


Bat ab = x;bc = y;ca = z ■ Khi do bai toan trd thanh: 

Cho ^ . Chung minh rang: (x + y + z)(yfx + Jy + yfz) >27 

yx+y + z = xy + yz + zx v ' 


Ap dung bat dang thhc Holder ta co 

( 4x + Jy + 4z ) (x 2 +j 2 + z 2 )>(x + y + z) 3 

^(x+y + z)(^+4y+yfz) ^ 2 + + y y 2^\ 

Ta se chung minh 

(x+y + z) 4 >27(x 2 + y 2 + z 2 ) 

Mat khac, tcrgia thiet x+y + z = xy+yz+zx ta co 

x 2 + y 2 + z 2 = (x+ y + z) -2(xy + yz + zx) = (x + y + z)(x + y + z-2) 


Do do ta can chung minh 
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(x + y + z) A >21 {x + y + z)(x+ y + Z-2) 
o(x + y + zf >21 (x+ y + z)-5A 
Hien nhien dung theo bat dang thuc AM-GM 

(x+y + zf+ 21 + 21>2l(x+y + z) 

TCr do suy ra dieu phai chrmg minh. Dau dang thiic xay rakhi a = b = c = 1 


Bai 1 


3. Bai tap tn giai 

Cho a,b,c> 0 thoaman a+b+c = 3.Chung minh: 

y[a +yfb+ y/c >ab +be+ ca 

(Russian Mathematical Olympiad 2002) 


Bai 2 


Cho a,b,c> 0 thoaman a 4 +b 4 +c 4 = 3. Chhng minh: 



b c a 


(Alexey Gladkich) 


Bai 3 


Cho a,b,c> O.Chnng minh rang: 


1 “ 2 ,, 

1 *> 2 , , 

1 e 

1 a 2 +lab+b 2 \ 

b 2 + lbc + c 2 \ 

c 2 +lca + a 2 


>1 


Bai 4 


Cho a,b,c> O.Chnng minh rang: 
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1 


1 


1 


4 


Bai 5 


yjAa 2 + bc yj4b 2 + ca \j4c 2 +ab a + b + c 
Cho a,b,c,d >0. Chung minh: 


u ■ 

M c ] 

u d 1 

J yb+c+d) 

' yc + d+aj 

1 yd+a+bj 


>4 

9 


Cho a,b,c,d> 0. Chung minh: 

a + yfab + \jabc + yjabcd 


f 


a+b a+b+c a+b+c+d 


Bai 7 


Cho a,b,c> 0 va ab+be+ca > 0 .Chung minh rang: 


L 48a / 48 b I 48c~ 

Jm — mt Jifflmm&tJi + - > 15 

V b+c V c+a V a+b 


( Vasile Cirtoaje) 
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BAT DANG THtTC CAUCHY-SCHWARZ 


Doan Quoc Dat - Ngo Hoang Thanh Quang 

l.Bat dang thuc Cauchy-schwarz 

1.1. Dinh U 

Voi 2 day so thuc tuy y a 1 ,...,a n va h r ...,h n ta luon co bat dang thuc: 

(af +... + a^(b? +... + + ••• + a. n b n ) 

Dang thuc xay ra khi — = ... = — vai quy uac la neu b k = 0 thi n k = 0 

b } b n 

1.2. Chimg minh : 

Cach 1; Sir dung bat dang thuc AM-GM : 

Chia ca hai ve cho j ta can chung minh: 



Sir dung bat dang thuc AM-GM ta co: 


■^-i ci-b i 

^ v k-IN ^ 1 v 

f > 

af bf 

1 


"15® 

§ I5I5) 

'v i= 1 i=l J 

~~ 2 

^2>. 2 i> 2 ^ 


Vay ta co dieu phai chung minh 
Cach 2: Sir dung tarn thuc bac hai: 


-43- 



Neu a 2 = 0 thi ta co aj =... = a n = 0 . Khi do bat dang thuc trd thanh dang thue.Do 
do ta chi can xet voi ^Taf > 0 . 


Xet tarn thuc bac hai 


Ta thay 


/(x) = ^>fjx 2 -2 y a i b i j x + 


f(x) = '^ j (a i x-b i ) 2 >0;Vx nen A f <0 


Hay 

(af + af ) (b 2 +... + b 2 n ) > (a^ +... + a n b n ) 2 

Cach 3; Su dung bat dang thuc Jensen 


Cung nhu each thu 2, ta chi can xet truong hop ^af > 0 

i=1 

Nhan xet: Neu co 1 so bang 0 thi ta co the quy ve chung minh bat dang thuc cho 
truong hop n-1 bien so, va neu van con mot so nao do bang 0 thi ta se tienhanh 
tuong tu cho den khi khong con so nao bang 0. 

Do do ta chi cin chung minh trong truong hop a, * 0 la du. 

Xet f(x) = x 2 ;x g^'*. . Ta co / '(x) = 2x 

/ "(x) = 2 > 0 .Do do /(x) = x 2 la ham loi tren □ . 


Do do theo bat dang thuc Jensen, voi moi c, > 0 thoa man > 0 va xj^ , ta co 


/ 




c i x i 


±C 


J 


P‘ 
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Suy ra 


Chon c. =b 2 ;x. = — 
' ' ' 1 b f 


(c x X J + ... + C n X n ) < (cj + ...+c n )\c l X^ + ... + c n x 2 ) 
ta co dieu phai chung minh 


1.3.He qua 

He qua 1.3.1. Vdi 2 day so a 1 ,...,a n va b l ,...,b n b t >0,V/ = l,n taco: 

<h 2 ! ^ ! a? ^ ( Q i +- + a „) 2 


Dang thuc xay ra khi — = ... = — voi quy udc la neu b k = 0 thi a k = 0 


Bat dang thuc nay duoc goi la bat dang thuc Cauchy-Schwarz dang Engel, goi tat la 
Schwarz 


He qua 1.3.2.Vdi 2 day so a 1 ,...,a n va b l ,...,b n ta co: 

\j +... + -\ja n + b n > yji^Oy +... + a n ) + + ...+b n ) 

Bat dang thuc nay duoc goi la bat dang thuc Minkowski 


Dang thuc xay ra khi — = — voi quy udc la neu b k = 0 thi a k = 0 

b y b n 


2. Vi du 

Bay gid chung ta se khong de cap den nhung bai toan kha co ban nhu: 
Cho a,b,c> 0 .Chung minh rang: 

a 2 b 2 c 2 - 

—2-1 o -I ^-— 1 

a + 2bc b~ + 2 ca c + 2 ab 
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Ma se di vao mot so vi du kho hon de thay dirge ve dep cua bat dang thirc quan 
trong nay: 


Vi du l .Cho a,b,c> 0 . Chung minh rang: 


a 2 b 2 c 2 4 (a-b) 2 

— + — + — >a + b+c + — -— 

b c a a+b+c 


(BMO 2005)\ 


Phan tick va dinh hw&ng Idi gidi 

Bai toan nay gay kho khan cho khong it ngirdi bdi sir xuat hien kha la "vo duyen" 

cua dai lirong ^ a ve phai. Vi the day la mot bat dang thirc manh hon bat 
a + b + c 

a 2 b 2 c 2 4 (a-b) 2 

dang thirc co ban:- 1 - 1 — > a+b + c do a + b+c + — - —> a+b+c. 

b c a a+b+c 


Thong thirbng, khi gap nhung bai toan chat nhir the nay, phep bien doi tirong duong 
luon cho tahieu qua cao nhat vi khong can phai sir dung bat ki sir danh gia nao 


tuy nhien dieu do yeu cau viec tinh toan qua kho khan va mat nhieu thbi gian 

chira ke den viec de gay ra sai sot. Vi vay, ta se di tim mot con dirbng khac, mot 
hirong suy nghT khac. Bau tientathay ve trai cua bat dang thirc trenco dang phan 

thirc, hon nira, d ve phai sir xuat hien cua (a-b) 2 a — -— phan nao da goi y 

a + b + c 

cho chung ta v sir dung bat dang thirc Cauchy-Schwarz dang Engel. Va viec can 
thiet bay gib la phai tao dirge cac phan thirc ma tir so co dang binh phirong 

Be y rang: 


—— 2 a + b 
b 


c 


{a-bl 

b 

(■ b ~ c ) 2 
c 
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a a 

Do do chung ta se them cac dai lirong -2 a+b :~2b + c:~2c + a d ve trai de tao ra 
cac dai lirong nhir tren.Bat dang thirc cin chung minh tirong dirong 

— -2a + b + — -2b + c + — -2c + a> ^ a ^ 
b c a a+b+c 

b c a a+b+c 

Sir dung bat dang thirc Cauchy-Schwarz: 

(a-b) 2 | (b-cf | (c-af ^ (\a-b\ + \b-c\ + \c-a\f 
b c a a+b+c 

Ap dung bat dang thirc co ban: 

x\ + \y > x+y 

Ta co (|a-&| + |&-c| + |c-a|) 2 =(|a-Z?| + |£-c| + |a-c|) 2 >(2\a-b\) =4 (a-bf 

(\a-b\ + \b-c\ + \c-a\f 4 {a-bf 
a+b+c a+b+c 


Hay 


(a-bf | (b-cf | (c-af ^ 4(a-bf 
b c a a+b+c 

Ket thuc chung minh, dau dang thirc xay ra khi 

{ \a-b\ \b-c\ |p4a| 

b c a 
(b-c)(c-a)> 0 


a = b = c 
_ 6-2>/5 


b:c = ^-^-b:b> 0 
2 
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Vi da 2 Cho a,b,c> 0 .Chung minh rang: 

a 2 b 2 c 2 , 6 (a 2 +b 2 +c 2 ) 

— + — + — + a + b + c> — -- 

b c a a+b+c 

(Pham Him Due) 


Phan tick va djnh hu&ng loi giai 

Y tudng hoan toan tuong tu vi du l,ta se them cac dai lugng -2 a+b 
; -2b + c ; -2c + a a ve trai, bat dang thuc dugc viet lai thanh: 


-+b-2a + — + c-2b + — + a-2c> 
b c a 


6(a 2 +b 2 +c 2 ) 
a + b + c 


2 (a + b + c) 


(a-b) ( b-c ) (c-a) b{a +b +c ^-(a + b + c) 

b c a a+b+c 

Khong mat tinh tong quat gia su b la so nam giua a va c. Ap dung bat dang thuc 
Cauchy-Schwarz ta co: 

[a-b) 2 | {b-c) 2 | (a-c) 2 ^ (\a-b\ + \b-c\ + \a-c\) _ 4(a-c) 2 
b c a a+b+c a+b+c 

Do do ta can chung minh 

2(a-c) 2 >3 {a 2 +b 2 +c 2 ^-(a + b + cf 

<^2(b-c){b-a)<0 

Dieu nay dung do b la so nam giua a va c. 

Bai toan dugc chung minh .Dau dang thuc xay ra khi a=b = c 
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Vi du 3: Cho a,b,c >0 thoa man a+b + c>— + - + — .Chung minh rang 

b c a 


a 3 c b 3 a c 3 b 3 
-1-1-> — 

b(c + a ) c(a + b ) a(b + c ) 2 


(Romania 2005) 


Phan tick va djnh hie&ng loi giai 

Y tudng sir dung Cauchy-Schwarz dang Engel kha ro rang. Nhung viec sir dung 


true tiep Cauchy-Schwarz: 


dem lai hieu qua? 


b 3 a 


jfr | \/a 3 c + V b 3 a + yfc^bj 


b[c + a) c(a+£>) a(&+c) 2 (ab+bc+ca) 


(*Ja 3 c +\lb 3 a + 3 

Chung ta chua biet lieu bat dang there - 7 -r—— > - da dung hay chua 

6 ’ 5 2 (ab + bc + ca) 2 6 J 

va con dudng de chung minh xem ra khong don gian chut nao. R5 rang la ta van 

chua sir dung het du kien cua bai toan :a+b + c>- + - + - . 

b c a 


Duong nhien, de sir dung duoc du kien nay ta phai tao ra sir xuat hien cua cac dai 

luong Bat dang thirc can chung minh tuong duong: 

b c a 



Sir dung bat dang thirc Cauchy-Schwarz ta co 

a 2 b 2 c 2 (a + b + c ) 

H 1 + ^ + £f 1 + M + 4 1+ £r t + Ul + Ut + l 

a V c) by a) c{ b) a b c b c a 
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Ta can chung minh 



f £ + » + £T fe . 3 f W b - + c - + “) 

yb c a) yb c c a a b) ya b c J 

Va theo gia thiet a+b+c> — + - + — 
b c a 


Jb c a a b c\ . . . . 2 N 

ya b c b c a) 

Do do bai toan se dirge chung minh neu 

2{a + b + cf >{a + b + cf +3(a + b + c) 

(a +b + c){a +b + c - 3)>0 

Bat dang thirc nay hien nhien dung vi theo AM-GM va dieu kien bai toan ta co: 



Day la mot bat dang thuc khong thuan nhat va cac bien hoan toan doc lap voi nhau, 
do do ta se tim each danh gia de so bien giam di. Tire la neu sir dung Cauchy- 
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Schwarz sao cho 1 trong 3 dai lugng (b 2 + 1) ;(c 2 +l) ;(a 2 + l)xuat hien thi khi do 
cong viec chung minh bat dang thirc ban dau se dirge quy ve chirng minh mot bat 
dang thirc chi con 2 bien, hien nhien viec chirng minh se do nang nhgc va de dang 
hon. Viec bay gio can lam la nhom cac so hang 1 each phu hgp. 

Sir dung bat dang thirc Cauchy-Schwarz: 

5(a+^ + c + l) 2 <5[(^ + c + l) 2 +l](l + a 2 ) 

Do do ta can chirng minh: 

5 [(fc ■+ c +1) 2 +1] < 16 (b 2 + 1) (c 2 +1) 

ol6b 2 c 2 -10bc + n(b 2 +c 2 )-10(b + c)+6>0 

Sir dung Cauchy-Schwarz: 

I0(b 2 +c 2 )>5{b + c) 2 

=> I6b 2 c 2 -10bc + ll(b 2 +c 2 ^-l0(b + c) + 6> (4Z?c-l) 2 +(Z?-c) 2 +5(Z? + c-l) 2 > 0 

Vay ta co dieu phai chirng minh. Dau dang thirc xay ra khi 

b-c = 0 
4bc -1 = 0 
• b+c- 1=0 
b + c + 1 _ 1 
1 a 

, 1 
<=> a = b = c = — 

2 

Doi khi, cac bai toan sir dung each chirng minh tren se khong 16 ro nhu the ma phai 
qua mot so buoc bien doi, cai chung ta can moi hien ra: 

I Vi du 5 Cho a,b,c> 0 . Chirng minh rang: 1 
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2(l + a^c) + ^2(l + a 2 )(l + ^ 2 )(l + c 2 )>(l + a)(l + ^)(l + c) 

Phan tick va dinh /lifting loi giai 

Viec xuat hien cua J2(l + a 2 )(l+Z? 2 )(l + c 2 ) lam cho bai toan kha la rac roi, chlnh 
vi vay, ta se chuyen no sang mot ve, sau do binh phirong ca 2 ve len de khtr di can 
there. Dira tren y tirdng do, bat dang there co the viet lai thanh: 

J2^1 + a 2 ^l + ^ 2 ^l + c 2 ) >a + b + c + ab + bc + ca-(abc + 1) 

Neu a + b + c + ab + bc + ca - (abc +1) < 0 thi bat dang there hien nhien dung do 

^2(l + a 2 )(l + 6 2 )(l + c 2 )>V2 

Neu a + b + c + ab+bc + ca - (abc + 1) > 0 , bat dang there can chemg minh tuong 
duong: 

2(l + a 2 )(l + b 2 + c 2 ^ > (a + b + c + ab + be + ca - abc - 1)“ 

Cung nhu bai trude, ta se sir dung Cauchy-Schwarz de giam bdt so bien di, cu the: 

[a(& + c + l-&c) + (& + c + &c-l)]~ < (a 2 + \}\^b + c + \-bc)~ +(b + c + bc-\y^ 

Do do ta can cherng minh 

2(l +b 2 )(l + c 2 )>(b + c + l-bef +(b + c+bc-l) 2 

Nhemg there chat day chi la mot hang dang there. 

Ket thuc chemg minh. Dau dang there xay ra khi a = b = c = 1 

Nhan xet: Cach danh gia tren kha la hieu qua trong viec chemg minh mot lop cac bat 
dang there ma cac bien doc lap vdi nhau. The nhemg, do chang qua chi la mot trudng 
hop dac biet trong the gidi bat dang there. Doi vdi cac dang khac thi viec sir dung no 
hoan toan khong kha thi, chemg ta hay cung xem xet vi du dudi day: 
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R5 rang, trong bai toan nay, chung ta khong the bien doi de dira v6 mot bat dang 
thirc ma cac bien doc lap voi nhau; do do ta se di tim con dirbng chung minh 
khac.Nhan thay rang neu ta se sir dung Cauchy-Schwarz sao cho bieu thirc sau khi 

danh gia co sir xuat hien cua [a^/a +byjb +c thi bai toan se khong con kho 
khan nha, cong viec chung minh hoan toan se nhe nhang hon. 

Sir dung bat dang thirc Cauchy-Schwarz ta co: 

a b c a 3 b 3 c 3 (ay/a+b^ + cy/c) 

—2-^-2-1-2-— —2—2- 2 ^-2 —2 - 2 ^- 2 —2- 2 ~ —2—2-2—2-2—2-2-2- 2 

b +1 c +1 a +1 a b +a b e + b c a + c a b + b e + e a +a +b +c 

Do do bai toan se dirge chung minh neu ta chi ra: 

_i_>2 

a 2 b 2 +b 2 c 2 +c 2 a 2 +a 2 +b 2 +c 2 4 

o 1 > 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

{a 2 +b 2 +c 2 ) ^3 {a 2 b z +b z c 2 +c 2 a 2 ^ 

Bat dang thirc cuoi la mot ket qua cua bat dang thirc quen thuoc: 

(x + y + z) 2 >3(xy + yz + zx) 

Do do ta co dieu phai chung minh. Dau dang thhc xay rakhi a=b = c = -^= 
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Nhan xet: Viec sir dung bat dang thuc Cauchy-Schwarz cho mot ve (thudng la ve 
phuc tap hon) sao cho bieu thuc sau khi danh gia co su xuat hien cua mot dai luong 
lien quan den ve con lai thi se giup viec chung minh nhe nhang va hieu qua hon. 


Vi du 7 Cho a, h,c lacac so duong. Chung minh rang: 


- + - + -1 > (a + b + c)(- + - + - 
b c a V \a b c 


(British Mathematical Olympiad 2005) 


Phan tick va dinh hu&ns loi gidi 

Nhu da noi d tren, chung ta se danh gia sao cho d ve trai xuat hien cac dai luong 

lien quan den ve phai, cu the la ta se tao ra su co mat cua a+b+c v a - + - + - .Sir 

a b c 

dung bat dang thuc Cauchy-Schwarz ta co: 


— + — j( a ^ + ^ c + ca )-( a + ^ + c ) 2 (I) 


U h - + C - Y-L + J. + J.k i4 + i 

b c a J\ab be ca) la b c 


( 2 ) 


Nhan ve theo ve (1) va (2)ta co 


a b c 
- + - + — 
b c a 


(ab + bc + ca )( — + — + —]> (a + b + c )(- + — + - 
V \ab be ca) L V \a b c 


Ta can chung minh 


(a+b + c)\ - + — + -)> (ab + bc + ca)\ — + — + — 
V \a b c) V \ab be ca 

Nhung thuc chat day chi la mot hang dang thuc. 
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Ketthuc chung minh.Dau dang thuc xay rakhi a = b = c 


Vi du 8 Cho a,b,c la cac so thuc duong thoa man abc> 1 . Chung minh rang: 

a 5 -a 2 b 5 -b 2 c 5 -c 2 

~- T + ~* - ~ -y + ^-~-y>0 

a +b +c b +c +a c +a~+b 

(International Mathematic Olympiad 2005) 


Phan tick vd dinh hu&ng loi sidi 


Do ° a - = l- a , + ^ n +L \ nen bat dang thuc can chung minh cothe viet lai 
a +b+c a +b +c 

thanh: 


a 2 +b 2 +c 2 a 2 +b 2 +c 2 a 2 +b 2 +c 2 


<3 


a 5 +b 2 +c 2 b 5 +c 2 +a 2 c 5 +a 2 +b 2 ~ 

1 1 1^3 


a 5 +b 2 +c 2 b 5 +c 2 +a 2 c 5 +a 2 +b 2 a 2 +b 2 +c 2 


Bay gid chung ta can su dung Cauchy-Schwarz sao cho cac phan thuc —=---- 

a +b +c 

——\ -y; -y —\ -y ve chung mot dai luong lien quan den ve phai , cu the la 

b +c +a c +a +b 

phan thuc co mdu la a 2 +b 2 +c 2 . 

Su dung bat dang thuc Cauchy-Schwarz ta co 
1 


1 


- + b+c 


a +b +c 


(a 5 +& 2 +c 2 0 + & 2 +c 2 j 


1,2 2 

+b + C 


2 , , 2 , 2 V 


Cong bat dang thuc nay voi cac bat dang thuc tuong tu, ta duoc 
1 1 1 


y_I 


- abc 


-2(b'< 


3 _i_ «2 , 2 \ 


a +b +c ( a 2 +b 2 +c 2 ) 
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Ta can chung minh 


h-2<3(^ 2 


<=>— + — + — < a 2 +& 2 +c 2 
a b c 


Bieu nay dung do 

, ^. ab+bc + ca . . ^ 2 ,2 2 

abc>\=> - <ab+bc + ca<a +b +c~ 

abc 

Ket thuc chung minh. Dau dang thuc xay rakhi a = b = c = 1 


Vi du 9 Cho a,b,c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

a + b + l + b + c + l + c + a + l < l + (a + l)(^ + l)(c + l) 
a+b 2 +c 3 b+c 2 +a i c+a 2 +b i a+b+c 


Phan tick va dinh hie&ng loi giai 

Mac du trong co ve phuc tap va rac roi nhung thuc ra bai nay cimg chung mot y 
tudng chung minh voi 2 bai vira roi 

Sir dung bat dang thuc Cauchy-Schwarz ta co: 

[a + b 2 + c 3 +1 + - j > (a + b + cf 

(a + b + \)\ a + l + —1 
a + b + l \ c) 

a + b 2 +c 3 (a + Z? + c) 2 

Cong cac bat dang thuc tuong trr lai, ta can chung minh 
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^(a + £ + l)|^a + l + -j< (a + £ + c)[(a + l)(£ + l)(c + l) + l] 

The nhimg day thirc ra chi la mot hang dang thnc do abc = 1 

Vay ta co dieuphai chung minh. Bau dang thiic xay rakhi a =b = c = \ 

*** 

Bay gid chung ta se di den mot Id thuat chung mi nh khac: KT thuatddi bien. 

Mot cau hoi dirge dat ra la Tai sao lai phai doi bien ? Neu khong doi bien thi co 
duac khong. Be tim kiem cau tra ldi, ta se xem qua vi du dirdi day: 

Vi du 10 Cho a,b,c la cac so thirc dirong. Chung minh rang: 

a 2 b 2 c 2 ^. 

-9- T -1 9-7 H ~ -T- > 1 

a~+ab + b~ b +bc + c c~+ca + a~ 


Phan tick va djnh hw&ng ldi gidi: 

Sai lam thirdng gap khi gap bai nay do la viec sir dung bat dang thirc Cauchy- 
Schwarz mot each thong thirdng: 


(a + b + c ) 2 


a 2 +ab + b 2 b 2 +bc + c 2 c 2 + ca + a 2 l(a 2 +b 2 +c 2 ^ + (ab + bc + ca) 
se dan den mot ket qua sai do 


(i a+b + c ) 2 

2{a 2 + b 2 + c 2 ) + (ab + be + ca) 


> 1 o ab + bc + ca> a +b + c 11 . 


Ro rang la viec sir dung bat dang thurc Cauchy-Schwarz true tiep nhir vay se khong 
the ap dung trong trirdng hop nay. Ta se can mot chut bien doi sang tao de cong 
viec chung minh hieu qua hon. Be y rang neu chia 
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a +ab+b 2 \b 2 +bc+c 2 \c +ca+a 2 tuong ung cho a 2 ; b 2 ; c 2 thi se xuat hien cac dai 

lugng —; -; — va neu dat x = —; y = -; z = — thi bat dang thuc can chrnig minh bay 
a b c a b c 

gid la 


1 

x 2 + x+l 


1 

y 2 +y +1 


l 

z 2 +z +1 


>1 


va khi do ta co xyz = 1 

Vay la tn cac bien doc lap hoan toan , ta da bien doi dirge v6 cac bien phu co moi 
quan he mat thiet vdi nhau. Viec dua dirge ve bien phu nhu vay vo cung quan trpng, 
no la mot bude tien ldn trong viec dinh hudng tdi y tudng doi bien. Vi xyz = 1 nen 

ta doi bien (x,y,z)-»f-^,^/-^-l ;trong do m,n,p> 0 
ym n p ) 

Bat dang thuc dugc viet lai thanh : 


p + mnp“ + m n 


( 1 ) 


Sir dung bat dang thuc Cauchy-Schwarz ta co 


VT( 1)>^ 


^m 4 +^m 2 n 2 +mnp(m + n + p'j 
Do do, bai toan se dugc chung minh neu ta chi ra: 

(^m 2 )“ >^m 4 +^mV+mnp(m + n + j p) 

^ \m 2 n 2 >mnp[m + n + p) 

Bat dang thuc cuoi la mot ket qua quen thuoc: 

x 2 + y 2 +z 2 >xy + yz + zx 

Vay taco dieuphai chung minh. Dau dang thuc xay rakhi a-b = c 
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CD Ro rang la trong nhieu tnrong hap, viec sir dung Cauchy-Schwarz mot each 
thong thirdng se khong the giai quyet dugc bai toan, hoac neu giai quyet duoc thi 
cung se kha vat va. Luc do, cac phep doibien luon la mot giai phap tot. 

Thong thudng, vdi cac bat dang thuc 3 bien a,b,c thi cac phep doi bien thubng duoc 
sudung la: 



Phan tick va djnh hir&ns loi giai: 


Thong thudng, ta se nghi den viec ha bac cua bieu thuc ve ben trai bang each sir 
dung Cauchy-Schwarz: 






va khi do can chimg minh 
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a + b + c > 3 
a+b b+c c+a 2 

Bat dang thuc nay co dang "kha giong" voi bat dang thuc Nesbitt noi tieng nhimg 
rat tiec la tlnh dung dan cua no lai khong dugc nhu the. Trong tnrbng hop a > c>b 
hoac c>b>a thi bat dang thuc hoan toan bi ngugc dau. Den day, ta se nghT den 

viec su dung ki thuat doibien nhu vl du 10 vua roi. Dat x = —;y = —',z = — khi do 

a b c 

xyz = 1 va bat dang thuc ban dau tuong duong: 


1 1 
(l+x) 2 + (1+ y) 2 


(l + z)‘ 


>1 

4 


( 1 ) 


Vi xyz = l nentadoibien (x,y,z)->- I ;trong do m, n, p > 0 


m n p 




~‘m +2m~np + np 4 

Sir dung bat dang thuc Cauchy-Schwarz: 

(Z» 


m 4 + 2m 2 np + n 2 p 2 ^ m 4 + 2 mnp^ m + '^yn 

Ta can chung minh 

41 m 2 ) > 3(E- 4 + 2 mnp^ m + ^ m 2 n 2 ) 
<=> y^.m 4 m 2 n 2 > 6 mnp(m + n + p) 

Bat dang thuc cuoi dung theo 2 bat dang thuc co ban sau: 

m 4 + n 4 + p 4 > m 2 n 2 + n 2 p 2 + p 2 m 2 


va 


m 2 n 2 +n 2 p 2 + p 2 m 2 >mnp(m + n + p'j 

Tu do ta co dieu phai chung minh. Dau dang thuc xay ra khi a=b = c . 
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Vi chi 12 Cho a,b,c la cac so thuc duong. Chung minh rang: 

1 1 1^3 

- 1 - 1 -^ - 

a(b + 1) b(c + 1) c(a + l) 1 + abc 


Phan tick va dinh huvng loi gidi 

Do bat dang thuc tren khong thuan nhat nen rd ngai ldn nhat cua chung ta chlnh la 
dai lirong 1 + abc dudi mdu d ve phai. Do do ta se tim each de "khu" dai luong nay; 

each hieu qua nhat trong trudng hop nay la y tudng doi bien (a,b, c) — 

l v z y 

. trong do k > 0 . Bat dang thuc can chung minh trd thanh: 

zy i xl | xy ^ 3k 


xy + kxz yz + kxy zx + lczy 1 + k 3 
Su dung bat dang thuc Cauchy-Schwarz: 


( 1 ) 


vr(i)=y__, 

^ xy 2 z + kxyz 2 (l + 0[xyz(x+y + z)] 


Ta can chung minh 


(l + fc)[xyz(x + y + z)] 1 + k 3 

>(fc 2 -fc + l)(^xy) 2 >3kxyz(x+y + z) 


Bat dang thuc nay dung do 


va 


(xy + yz + zx) 2 >3xyz(x + y + z) 
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k 2 - k + 1> k o (k -if >0 

Vay ta co dieuphai chung minh. Dau dang thuc xay rakhi x =y = z va k = 1 hay 
a = b = c 




Bay gid chung ta se den vdi mot ki thuat khong the thieu khi su dung bat dang thuc 
Cauchy-Schwarz'. Ki thuat them-b at. Y tudng kha don gian: de chung minh mot bat 
dang thuc co dang f(a,b,c)>g ( a,b,c ) ma viec chung minh thong thudng co le se 
khong dem lai hieu qua thi khi do ta se tim 1 bieu thuc h(a, b, c) < /( a, b, c) sao cho 
f (a,b,c)-h(a,b,c)> g(a,b,c)-h(a,b,c) . Va danh gianay cang chat cang tot. 
h(a,b,c ) trong mot so trudng hop co the la cac so, cung co the la cac bieu thuc lien 
quan toi bien. Be ro hon ve ki thuat nay, ta se xem xet vi du sau day: 

Vi du 13 Cho a,b,c> 0 .Chung minh rang: 

a 2 +b 2 b 2 +c 2 c 2 +a 2 6 (a 2 +b 2 +c 2 ) 

—2 - 2 ^ 2 - 2 ^ 2- 2 — -2 

a +ab + b b +bc + c c +ca + a ^ a + b + c y 


Phan tich va djnh humig loi giai: 


Khong it ban khi nh in vao bai to an nay se nghT ngay denphuong phap S.O.S; nhung 
bai nay hoan toan co the giai duoc chi vdi ki thuat them -bat noi tren. Nhan thay ve 
trai cua bat dang thuc co dang phan thuc- mot dau hieu de chung ta nghi den viec str 


dung Cauchy-Schwarz dang 


a 2 


, a n + " + a nf 
K ~ b+...b n 


; the nhung chieu cua no lai 


la < chu khong phai > nhu mong muon. Do do ta nghT den viec doi chieu bat dang 
thuc lai bang viec them bdt 2 ve vdi mot so thuc k > 0 . Bat dang thuc da cho co the 
viet lai thanh: 



a 2 +b 2 
a 2 +ab + b 2 


6 (a 2 +b 2 +c 2 ) 
( a+b + c) 2 
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J(k-l)a 2 + kab + (k-l)b 2 l 

(k-iy^a 2 + 2k s ^ j ab 

a 2 + ab + b~ 

(a + b + c) 2 


Be dam bao viec sir dung bat dang thuc Cauchy-Schwarz hieu qua va an toan nhat, 
chung taphai tim soksaocho (k-\)a 2 + kab + (k-l)b 2 ; (k-l)b 2 + kbc + (k-l)c 2 ; 
(k-\)c 2 +kca+(k-\)a 2 deu la cac so khong am. Be chac chan 

(k-l)a 2 + kab + (k-l)b 2 >0 voi Va,Z?>0thi^ ^ ^ =>k>2 

[k- 1>0 

Trong truong hop nay hang so k tot nhat chlnh la hang so nho nhat.Vay ta se chon 
k = 2 . Khi do bat dang thuc can chung minh trd thanh 

(a + b'f > ll(ab + bc + ca) 
a 2 +ab + b 2 (a + b + c ) 2 

Str dung bat dang thuc Cauchy-Schwarz ta co 

(a + b)~ 4 (a + b + c) 2 

^a 2 +ab + b 2 2 ^a 2 +^ab 


Ta can chung minh 


4(a + b + c)~ ^ 12 (ab + bc + ca) 
2j> 2 +5> (a + b + cf 


Hay 


(a + b + c) 4 ^S^ab^l^a 2 + J]ab) 
Bat dang thuc nay dung theo AM-GM : 


3 (Z ab )( 2 Tj a2 +H ab )- 


3^ j ab + 2^ j a 2 + ^ab 2 (a+b + c) 


(a + b + c) 4 


4 4 

Vay ta co dieu phai chung minh. Bau dang thuc xay ra khi a = b = c 
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Vi du 14 Cho a,b,c >0 thoaman a+& + c = 3.Cherng minh rang: 

1 1 1 1 

-T-T- - ~^ -T-T- T ^ -T-9- T — 

4a-+b-+c 4 b +c +a 4c + a +b~ 2 

(Vasile Cirtoaje) 

Phan tick va dinh hu&ng loi giai 

Loi giai 1: Be y rang a ^ _ \ - _^L --; chinh chi tiet nay daphan nao 

4a~ +b +c 4 a +b +c 

khai gay y tirdng trong ta: nhan ca 2 ve voi a 2 +b 2 +c 2 . khi do bat dang there can 
cherng minh la: 


, a 2 +b 2 +c 2 ^ a 2 +b 2 +c 2 


"'4 a +b+c 


hay 


3Z 


4a 2 +b 2 +c 2 


Sir dung bat dang there Cauchy-Schwarz ta co: 

y a 2 > ( a+b+cf _ 3 

^4a 2 +b 2 +c 2 ~ 4a 2 +Z? 2 +c 2 ) 2(a 2 +6 2 +c 2 ) 

Va theo bat dang there AM-GM: 


—7 —i -7-TT ^-— ^ 

2[a -\-b +c J 2 

Ter hai bat dang there tren ta co dieu phai chung minh. Dau dang there xay ra khi 
a=b = c = 1 

Loi giai 2: Do bac cua 2 ve lech nhau nen ta se nghT den viec dong bac bat dang 
there nher sau: Bat dang there can chung minh co the viet lai thanh: 

{a+b + cf ( a+b+cf ( a+b+cf ^9 
4a 2 +b 2 +c 2+ 4b 2 +c 2 +a 2 + 4c 2 + a 2 +b 2 ~2 
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Theo bat dang thirc Cauchy-Schwarz ta co: 


(a + Z? + c) (a + Z? + c) < a 2 b 2 c 2 

4 a 2 +b 2 +c 2 2 a 2 +(a 2 +Z? 2 ) + (a 2 +c 2 ) 2a 2 a 2 +Z? 2 c 2 +a 2 

Cong cac bat dang thirc tuong tvr lai voi nhau, ta co 

y( a + b + c) b 2 + c 2 Vyfl + b 2 + ^ 2 ) = 9 

^4a 2 +Z? 2 +c 2 ^^a 2 a 2 +Z? 2 c 2 + a 2 J ^^2 a 2 +b 2 b 2 +a 2 ) 2 

Vay ta co dieu phai chung minh.Dau dang there xay rakhi a = b = c = 1 
*** 

Ben canh viec them bat thi lai giai 2 cua vi du vira roi da sir dung mot Id thuat khac 
song song va khong the thieu trong viec sir dung bat dang thirc Cauchy-Schwarz : ki 
thuat tach ghep. 

I Vi du 15 Cho a,b,c duong . Chung minh rang: j 


(diendantoanhoc.net) 

Phan tich va dinh hu&ng led gidi: 

Diem kho khan cua bai toan nay chinh la su hien dien he so ter do ve trai, trong khi 
do ve phai lai la mot bieu thirc chira bien kha phirc tap. Y tuong cua ta bay gio la 
phai loai bo duoc so 1 do; mot y nghT kha ter nhien do la tao ra he so ter do o ve phai. 

Be y rang a + ^ = 1 h——— . Do do bat dang thirc can chimg minh duoc viet lai 
2b + a 2b + a 

thanh: 


a + b + b + c + a + c 
2 b+a 2c+b 2a+c) 


(a + b + c ) 


111 
2 a+c 2b+a 2c+b 


y a+ b + c > 2+ y b 

^ 2b + a ^2b + a 


> yfa ± b ± c__±_)> 2 
2b + a 2b + a) 


hay 
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b + c 
2 b+a 


c + a + a +b 
2 c+b 2 a+c 


(1) 


Sir dung bat dang there Cauchy-Schwarz: 


> E( a+c )] 

Z[( 2 b + a)(a + c] 


Ta can chung minh 

4(a + b + c) 2 > 2^[(2£ + a)(a + c)] hay a 2 +b 2 +c 2 >ab+bc + ca 

Bat dang there cuoi la mot ket qua quen thuoc. Vay ta co dieuphai chung minh. Dau 
dang there xay rakhi a =b = c 

Vi du 16 Cho a,b,c> 0 thoa man a 1 +b 2 +c 2 = 1 .Chung minh rang: 

1 1 1 ^9 

1 -ab 1 -be 1 -ca 2 

( Vasile Cirtoaje) 

Phan tick va djnh hir&ng loi giai 

Loi giai l: Cung nhu nhung bai tnroc, ta se nghT den viec ser dung mot so k> 0 va 
bien doi bat dang there ve dang 




Hay 


l(- 


-1 - kab 
1 -ab 



Ta can tim so k sao cho k-l-kab >0 , va danh gia nay cang chat cang tot. Bang bat 
dang there AM-GM, ta co 1 =a 2 +b 2 +c 2 > 2ab+c 2 > 2 ab , do do ta se chon k = 2. 


Khi do, ta can chung minh bat dang there 


l-lab 1-2 be l-2ca > 3 
1 -ab 1 -be 1 -ca 2 


- 66 - 




V c 2 v (a-6) 2 3 

^l-ab ^ 1 -ab 2 


Khong mat tinh tong quat gia sn a>b>c . 

Khi do, sir dung bat dang thirc Cauchy-Schwarz ta co 

(a + b + c ) 2 




ab 3 -(ab + bc + ca) 


(a-b) 2 > (a-b + b-c + a-c) 2 4(a-c) 2 

^ 1 -ab 3 -(ab + bc + ca) 3 -{ab + bc + ca) 

Do do ta can chung minh 

2^4(a-c) 2 + (a + & + c) 2 J > 3[3 -(ab + bc + caj^ (1) 

Dong bac bat dang thuc: 

(1) <=> 2^4(a-c) 2 +(a+b+cfA> 3[(« 2 +b 2 + c 2 )-3(ab + bc + ca)^ 

<^>lb(a-b)(a-c) + (a-cf >0 

Bat dang thuc cuoi dung do a>b>c 

Vay ta co dieuphai chung minh. Dau dang thuc xay rakhi a =b = c = -\= 

V3 

Loi giai 2: Cach giai tren la mot each giai mang dam tinh ki thuat them bat, tuy 
nhien each giai tren chua phai la ngan nhat .Bay gia chung ta se tim mot loi giai 
ngan hon thong qua ki thuat tach ghep: Ve trai cua bat dang thuc co dang phan thuc 
va chieu cua bat dang thuc la < . Dieu nay goi y cho ta nghi den viec sir dung bat 

f 2 2 

dang thirc Cauchy-Schwarz dang ——-—— < — + ... + — . Neu sir dung AM-GM 
h+...b n b t b n 


-J_< 1 = _ 2 _ 

1 -ab a 2 +b 2 (l-a 2 ) + (l -b 2 ) 

2 
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roi su dung Cauchy-Schwarz: 


_<IU_ 

-b 2 ) 2{l-a 2 


1 

1 -b 2 


Khi do cong viec chirng minh se hoan tat neu nhu chi ra dugc 

y—<- 

Zj l-a 2 “2 

Tuy nhien chieu cua bat dang thirc nay lai ngugc lai do: 

V—>_ 9 9 

^"l-a 2 3 -(a 


( a 2 +b 2 +c 2 ) 2 

Vay, y tudng tren da khong cho ket qua nhu mong muon; chung ta se lai tiep tuc di 
tim mot con dudng mbi: Muon sir dung dugc bat dang thuc 

f 2 2 

——-—— <— + ... + thi ta phai co dai luong binh phuong d tir cua phan thirc. 

b+...b n b y b n 

Vi con dudng tren khong thanh cong khi dai lugng tren tir la he so tu do nen bay gid 

ta se thir dai luong binh phuong lien quan tdi cac bien. Do —--1 = —— nen bat 

1 - ab 1 - ab 

dang thirc can chung minh co the viet lai tha nh 

ab be ca < 3 
1 -ab 1 -be 1 -ca 2 




1 + c 2 +{a-b) 


Mat khac ta co 4 ab < (a + &)“ nen 


4 ab ^ {a + b^ 

^l+c 2 +(a-bf ~^(a 2 + c 2 ) + (b 2 + c 2 ) 

Sir dung bat dang thirc Cauchy-Schwarz ta co 

( a + b f ' “ \ bl 

(a 2 +c 2 ^ + (b 2 + c 2 ) a 2 + c 2 b 2 + c 2 


-68- 



(a 2 + b 2 ^ + [a 2 + c 2 ) a 2 + Z? 2 a 2 +c 2 

(c + af c 2 a 

(b 2 +c 2 ) + (b 2 + a 2 )~ c 2 +b 2+ a 2 +b 2 


^ (a + bf a 2 b 2 b 2 c 2 c 2 a 2 

> 2 , 7 7-TV 7— -TV ^ —V-T H V-T H r-T H V-T H V-T H V-T — 3 

(a +c J + fZr+c J a"+c" Z? + c a +Z? a +c c~+b~ a +b 


Tir do suy radieuphai chung minh. Dau dang thuc xay rakhi a=b = c = 




Vi du 17 Cho a,Z?,c > 0. Chung minh rang: 


l + a + b + Z> + c + c + a 

a b c c 2 +ab a 2 +bc b 2 +ac 

(Hojoo Lee) 


Phan rich va dinh huvng led gidi 


Y tirdng nhu bai tren, ta se tao ra dai lirong binh phuong a tu cua phan thuc ve ben 
phai, sau do dung ki thuat tach ghep phu hop. Theo bat dang thuc Cauchy-Schwarz 
ta co: 


a + b _ (a + b ) a 2 b 2 

c 2 +ab b(c 2 + a 2 ) + a(Z ? 2 + c 2 ) b(c 2 +a 2 ) a(& 2 +c 2 ) 

Tuong tu ta co 

b + c b 2 c 2 

a 2 + bc c(a 2 +Z? 2 ) c(c 2 +a 2 ) 

c + a < c 2 + a 2 
b 2 +ac a(b 2 + c 2 ^ c{a 2 + Zj 2 ) 
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Z a + b 

-r-< 

c+ab 



c(c 2 + a 2 ) 


a 


1 

c 


Ket thuc chung minh. Dau dang thuc xay ra khi a = b = c 

Trong mot so tnrdng hop, ngoai phat hien ra dau hieu de tach ghep, chung ta can 
phai tinh te va kheo leo sir dung ki thuat nay sao cho viec chung minh trd nen don 
gian nhat. Chang han nhu vi du duoi day: 


Vi du 18 Cho a,b,c> 0 thoaman a + b+c = 3 Chung minh rang: 

a + b + c > 3 
a+bc b+ca c+ab 2 

Phan tick va dinh hie&ng loi ziai 


Do ——— = 1 —nen bat dang thuc can chung minh co the viet lai thanh: 
a+bc a+bc 


be + ca + ab < 3 
a+bc b+ca c+ab 2 




be 

(a + b + c)a + 3bc 


ca 

(a + b + c)b + 3ca 


ab < 1 

(a + b + c)c + 3ab 2 


Z uc 1 

- < — 

a 2 + 2bc + (ab + ac + bc) 2 

Iheo bat dang thuc Cauchy-Schwarz ta co: 

be < 1 f be + be ^ 

a 2 + 2bc + (ab+ac + be) 4 yab + bc + ca a 2 +2bc) 

Z bc 

-rcu a +2 be 


be 


-<-l 

f 2bc+(ab+ac+bc) 4 




be 


ab+bc 


Do 2- 


= 1 nen ta can chung minh 


be 

a 2 + 2be 


ca 

b 2 + 2 ca 


ab 

c 2 + 2ab 


<1 
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2 be lea lab 

> —-- 1 --- 1 --- 5 

a" + 2bc b + lea c + lab 


a~ + Ibe b + lea c + lab 


Sir dung bat dang thuc Cauchy-Schwarz ta co: 


f Ibe b 2 + lea c 2 + lab a" + Ibe + b 2 + lea + c 2 + lab 


Ket thuc chung minh. Dau dang thuc xay ra khi a = b = c = \ 
Nhan xet ; Biem mau chot cua ldi giai tren chinh la viec tach kha ki thuat: 


\-lbc+(ab + ac+bc) Ayab+bc+ca a 2 +2bc 


Bai vi neu tach thong thudng: 


be ^ l (be „ b c\ „ „ 

- 7 -r<— —r + 3 + - + - se lam 

\-lbc+[ab+ac+bc) 36^ a a) 


cho viec chung minh di vao ngo cut. 


Vi du 19 Cho a,b,c> 0 thoaman a+b+c = l .Chung minh rang: 


be ca ab ^ 1^3 

— I — H . = . H . — <- 

y3a 2 +4 tj3b 2 +A { /3c 2 +4 3 

(Internatinonal MathematicalArchimede Olympiad 2010) 


Phan tick vd djnh hirdng ldi giai 


Bode: Vai a,b,c>0 thoaman a+b+c = 1, taco: 


be ca ab < 1 
a+2 b+1 c+2 2 


Chimg minh: 


Bat dang thuc can chung minh tuong duong 
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be ca ab 1 

-+-+-<- 

a+b+a+c b+a+c+b c+b+G+c 2 

Sir dung bat dang thuc Cauchy-Schwarz ta co 

be < 1 f be + be \ 
a+b+a+c Aya+b c+aj 

ca < 1 f ca ca \ 
b+a+c+b Aya+b b+c) 

ab < 1 f ab + ab \ 
c+b+a+c Ayb + c c+aj 

•y, be < ly|^ be be ca^_a + b + c_l 

^ ^a + b + a + c~A^{^+b + ^+^)~A^{^+b + ^+b)~ 4 ~2 


Bo de dugc chung minh. Dau dang thuc xay ra khi a=b = c 


2 

3 


Tro* lai bai toan; 

De cho don gian, ta viet bat dang thuc can chung minh lai thanh: 

be ^ ca ^ ab < 2 

yj9a 2 +12 \/9b 2 +12 ^9c 2 + \2 ~ 3 

Trd ngai Ion nhat khi dung trade bai toan nay chinh la su hien dien cua >/"~ d mau. 
Do do, y nghT don gian la phai lam sao de loai bo no di, hoac la tang bac cua no len. 

2 

De doan dugc dau dang thuc cua bai toan xay rakhi a = b = c = - . Mat khac ta thay 

9 1 9 [fl 1 

-= ^ ' = - nen ta du doan rang, neu bien doi hop li thi bat dang thuc co the 

12 12 3 ' 

dua duoc ve dang ^ < —. Dua tren y tudng do ta se giai quyet bai 

a+2 b+2 c+2 2 

toan nhu sau: 

Dat 
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4 _ be ^ ca ^ ab 
yj9a 2 + 12 \]9b 2 + 12 ^9c 2 + 12 

A _ be ^ ca ^ ab 
>/4 ^4 (9a 2 +12) M[9b 2 +\l) ^4(9c 2 +12) 

Khi do, theo bat dang thuc Cauchy-Schwarz: 

(9a 2 +12)(l + 3)>(3a + 6) 2 

_^ A ^ Z?c Z?c 

^^4 “^V3a + 6 ~^^3(a + 2) 

Tiep tuc sir dung bat dang thuc Cauchy-Schwarz ta co 


/ 'N 

^ de 


^dc + ca + ad^ 

f de ca ab 3 

l 2j V 3 ( fl + 2 )J 

V 3 J 

ya+2 d+2 c+2y 


Ap dung bo de va bat dang thuc coban 3(ad+dc+ca)<(a + d + c) 2 = 4 , taco 



Hay 


de ca ad 




3 


Day chlnh la dieu can phai chung minh. Dau dang thuc xay rakhi a = d = c = - 
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Trong the gidi bat dang thtrc, neu de y, ta se thay rang cac bat dang thuc kinh dien 
nhu AM-GM, Cauchy-Schwarz, Chebyshev, Holder, Minkowxki,.. hay la cac bat 
dang thuc hien dai nhu Muirhead,S.O.S,... khi sudung de chung minh cac bat dang 
thuc doi xung dem lai hieu qua rat cao the nhung kbi tram chan vdi cac bat dang 
thuc dang hoan vi vong quanh thi chua han nhu vay. Do do, trong nhieu bai toan, 
chung ta thudng nghT den viec dua bat dang thuc can chung minh ve dang doi xung. 
Trong 

nhung phuong phap su dung bat dang thuc Cauchy-Schwarz, co mot phuong phap 
rat hieu qua, do la :ki thuatDoi xung hoa. 

De md dau ki thuat nay, ta se den voi mot bai toan kha noi tieng sau: 



Day la mot bat dang thuc dang hoan vi vong quanh, do do viec chung minh se kha 
kho khan. Nhu da noi d tren, ta se su dung bat dang thuc Cauchy-Schwarz de dua 
bat dang thuc nay ve dang doi xung. Cu the: 

Bat dang thuc can chung minh tuong duong: 



Su dung bat dang thuc Cauchy-Schwarz ta co: 




(a + b)( 



4 (a + b + c)(ab+bc + ca) 
(a + b)(b + c)(c + a ) 


Do do ta can chung minh: 
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8(a + b + c)(ab + bc + ca)<9(a + b)(b + c)(c + a ) 
o(a + b + c)(ab +bc + ac)> 9abc 

Day la mot ket qua quen thuoc. Bai toan dugc chung minh. Dau dang thuc xay ra 
khi a =b=c 



\la + 2b 

Do do ta can chung minh: 


Z-r=br <2>( a+2c )] 


u (a + 2Z?)(a + 2c) 


a(a + b + cf 3 (a + b + c) 

J (a + 2b)(a + 2c)~ 2 


a(a + b + c ) 2 a(b-c'f a(Z?-c)“ 

(a + 2Z?)(a + 2c) (a + 2Z?)(a + 2c) 2 (ab + bc + ca) 


^ (a + 2b)(a + 2c) K ^ 


2 (ab + bc + ca) 


Ma 


(a+Z> + c) + £ 


a(b-c 


2 [ab + bc + ca 


- = 2> 


{^a)(^ab)-9abc ^ 

2^ab 


2£ab 2^ 
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TCr do suy ra dieu phai chung minh. Dau dang thuc khong xay ra 

Sau khi trai qua nhung bai toan, vi du cu the tren ta co the thay dirge the gibi bat 
dang thuc that phong phu, ki ao, cac phuong phap cung nhir ki thuat cung rat nhieu, 
nhung vi du vua qua chi la nhung vi du cua cac phuong phap noi bat va quan trong 
ma ta can biet. De ket thuc bai viet nay, chung ta hay den vdi mot bai toan noi tieng 
va rat kho sau day: 



Day la mot bat dang thuc rat kho va co nhieu ung dung cua Jack Garfunket, hien co 
3 loi giai cho bai toan nay. Ngoai loi giai cua tac gia, xin trich dan loi giai cua Vo 
Qu6c Ba Cdn-SV lop YY0647A1, Khoa 32, DH Y Duoc Cm Iho: 

Bat dang thuc nay co dang thuc xay ra tai a = 3b\c = Q va cac hoan vi tuong ung. 
Nhan thay cai kho cua bat dang thuc nay chinh la d cho no co chua can thuc, vi vay 
ra se tim each dung Cauchy-Schwarz de loai bo can thuc. 

TCr do bai toan se trd nen don gian hon. Hon nua ta cung phai them vao cac tham so 
thich hop. The nhung, nhu vua chi ra b tren, ta khong the them vao cac tham so co 
dinh khi danh gia bat dang thuc nay. Vi vay ta se dung cac tham so chay. Cu the la 
ta se them vao cac dai luong co dang ma + nb+pc;mb+nc+pa;mc+na + pb vdi 
m,n,p> 0. 

Ta ap dung bat dang thuc Cauchy-Schwarz nhu sau: 

VT 2 < TV a(ma + nb + pc)\ V -—— -- (*) 

V y ’\^(a + b)(ma + nb + pc)\ V 
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Banh gia nay xay ra dau bang khi 


a b c 

(a + b)(ma + nb +pc) (b + c){mb + nc +pa) {c + a){mc + na +pb) 

a(ma + nb + pc) b[mb + nc + pa) c(mc + na + pb) 

Mat khac, do ta dn doan dirge c = 0 nen ta can tim m,n,p thoa man 


a 

(i a + b)(ma + nb + pc) 
a(ma + nb + pc) 


b 


(b + c)(mb + nc + pa) 
b(mb + nc + pa) 


va a =3b (1) 


Mat khac, ta muon rut gon dugc dai lugng a+b+c co san d ve phai nen ta se tim 
m,n,p sao cho ^ a(ma + nb + pc) co dang k{a +b +c )~. Do do ta se chon m,n,p sao 
cho n + p = 2m ( 2 ) 


{ m = 5 

n = 1 .Thay vao (*) ta co 
P = 9 


(Zjh) *E»(*» + ‘ + *)] 

Do do ta can chung minh dugc 


J (a + b)(5a + b + 9c) 


[^a(5a + & + 9c)] 


u [a + b){5a + b + 9c) 


^i a+b + c ) 


hay 


(a + Z? + c) V 7 - 77 -—- 7 < — 

(a + b)(5a + b + 9c) j 16 

'^ j ab(a+b)(a + 9b)(a-3b) 2 +232abc^a 3 + 243abc'^ j a 2 b 
+835 abej^ab 2 +1230aW > 0 

Bat dang thuc cuoi hien nhien dung. Ket thuc chung minh. Dau dang thuc xay ra 
khi a=3b;c = 0 va cac ho an vi tuong ung 
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3. Bai tap tir giai 

Bai 1 .Cho a,b,c,x,y,z>0 .Chung minh rang: 

(a + b + c)(x + y + z) > ax | by | gfe 
a+b+c+x+y+z a+x b+y c+z 

Bai 2.Cho x, y, z > 0 thoa man x+y+z=l ■ Chung minh rang: 

———i———f—-—<— 
x+yz y + zx z + xy 4 

Bai 3.Cho a,b,c >0 thoa man a 2 +b 2 +c 2 = 3 .Chung minh: 

a 2 +b 2 | b 2 +c 2 | c 2 +a 2 
a + b b + c c + a 

Bai 4.Cho cac so thrrc x,y,z khac 1 thoa man xyz=l ■ Chung minh rang: 



(IMO 2008) 

Bai 5.Cho a,b,c> 0 thoa man a 3 + b 3 +c 3 = a 4 +b 4 +c 4 .Chung minh rang: 

a b c 

a 2 +b i +c i + b 2 + c 3 +a 3+ c 2 + a 3 +b 3 - 

(Turkey Junior National Olympiad 2012) 

Bai 6. Cho a,b,c> 0 .Chung minh rang: 

a b c ^ a+b b+c . 
b c a b+c a+b 

(Belarusian Mathematical Olympiad 1998) 

Bai 7.Cho a,b> 0 thoa man a +b 3 > a 3 +b 4 .Chung minh rang: 

a 3 +b 3 <a +b 2 <a+b<2 
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Bai 8.Cho a,b,c gfl thoa man a 2 + b 2 + c 2 = 2 .Chung minh rang: 

a+b+c<2+abc 

(IMO Shortlist Poland) 

Bai 9.Cho a,b,c> 0 thoa man a+b + c = 3 .Chung minh rang: 


a~b b e c a ^. 

-+-+- <1 

2a+b 2 b + c 2 c + a 


Bai lO.Cho a,b,c> 0 thoa man a + b + c = 3.Chung minh rang: 

a b c 

—T- 7 - 1 ?- 7 - 1 ,- J 5 = 1 

a+b+c b +c +a c +a +b 
Bai ll.Cho a,b,c> 0 thoa man a 2 +b 2 +c 2 = 3.Chung minh rang: 


>/a 2 +b + c *Jb 2 +c + a yjc 2 +a + b 
Bai 12.Cho a,b,c> 0 thoa man abc = 8.Chung minh rang: 

a 2 b 2 c 




V( a3+1 )( fc3+1 ) > 3 + l)C + 1 ) ^ 3 +l)(a 3 +l )‘ 3 


(APMO 2005) 


Bai 13.Cho a,b,c> 0 thoa man a 2 +b 2 +c 2 =1 .Chung minh rang: 

a + b + c > 3yf3 
b 2 +c 2 c 2 +a 2 a 2 +b 2 2 

Bai 14. Cho a,b,c,d> 0 thoa man abed =1 .Chung minh rang: 

1111 


(1 + af (1 + bf (1 + c) 2 (1 + df 


T >1 


( Vasile Cirtoaje) 


Bai 15. Cho a,b,c> 0 .Chung minh rang: 


- 79 - 



1 


1 


1 


a-j3a + 2b b^3b + 2c c^3c + 2a y/5abc 


Bai 16.Cho a,b,c> 0 thoaman ab+bc+ca = - .Chung minh rang: 


1 


a -bc +1 b -ca +1 c -ab +1 a+b+c 
Bai 17.Cho a,b,c >0 thoaman a + b + c = 3 .Chung minh: 


1 + 1 + 1 <1 
5 - 6 ab 5 - 6 be 5 - 6 ca 

Bai 18.Cho a,b,c >0 thoaman a+b+c = 3 .Chung minh: 

1 1 1 3 

a 2 +b 2 +2 + b 2 +c 2 + 2 + c 2 + a 2 + 2~ 4 

Bai 19.Cho a,b,c >0 thoaman a+b+c = 1.Chung minh: 

n ( b c 1 + a 1 + & 1 + c 

\ K a b c) 1 -a 1 -b 1 -c 


(Japanese Mathematical Olympiad 2004) 
Bai 20. Cho a,Z?,c>0thoaman a+b+c>0 .Chung minh: 


a 2 b 2 c 2 *> 1 

- T - T ^ - T — — 

3 a 2 +{b + c) 3 b 2 +(c + a) 3c 2 +[a + b)~ 2 

Bai 21.Cho a,b,c >0th6& man sao cho khong co 2 so nao dong thdi bang 0. Chung 
minh rang: 


(a-b)(3a-b) | (b-c)(3b-c) | (c-a)(3c-a) 

3a 2 +2ab + 3b 2 3b 2 +2bc +3c 2 3c 2 + 2ca +3a 2 

(diendantoanhoc.net) 


Bai 22 .Cho x, y, z > 0 thoa man xy+yz + zx = 3. Chung minh: 
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( Vasile Cirtoaje) 


1 1 1 ^3 

l + x 2 1 + y 2 1 + z 2 2 


Bai23.Cho x,y,z,a,b,c>0 sao cho a+b+c = x+y+z ■ Chung minh: 


ax(a + x) + 6y(6 + y) + cz(c + z)> 3>{abc + xyz) 


Bai 24.Keo dai trung tuyen cuatam giac ABC denkhi chung cat dudng tronnoi 
ngoai tiep. Goi do dai cua cac doan nay la M a ,M b ,M c . m a ,m b ,m c lan luot la do dai 
cac dirdng trung tuyen ung vdi cac canh BC=a; CA=b; AB=c .Goi Chung minh 
rdng: 


M a + M b + M c > ~{ m a +m b + m c ^ 


Va M a +M b +M c >^y-(a + b + c ) 


Bai 25.Cho a,b,c >0 thoaman abc = 1 .Chung minh: 


1 | 1 | 1 
\/4a 2 + a + 4 >/46 2 + 6 + 4 ^4 c 2 +c + 4 

Bai 26.Cho a,b,c> 0 thoaman abc = 21 .Chung minh: 

1 1 1 1 

— I ^— i H— i ^ — 

yJa+2la + 9 V6 2 + 216 + 9 Vc 2 + 21c + 9 3 
Bai 27.*.Cho a,b,c> 0.Chung minh rang: 


1 1 1 1 1 1 

13a+ 116 136 +11c 13c + 11a ~~ 7a+ 46 +13c 76+4c + 13a 7c+4a + 136 
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BAT DANG THLTC CHEBYSHEV 

Doan Qudc Bat - Ngo Hoang Thanh Quang 

l.Bat dang thuc Cheybyshev 
1.1. Dinh U 

Cho 2 day so thuc a l ,a 2 ,...a n va h i ,h 2 ,...h n 

1. Neu a l ,a 2 ,...a n va b l ,b 2 ,...b n dan dieu cung chieu ta co: 

_ . a,h+... + ab a. + ... + a b,+...+b 

Dang 1:—--— > —- - 

n n n 

Dang 2:(«,£>, +... + a n b n )>— --— 

2. Neu va b v b 2 ,..Jb n dan dieu ngirac chieu ta co: 

a l h l +... + a n b n a l +...+a n b l +...+b n 
Dang 1:— -— <—--- 


, \ (cz. +... + a +...+b ) 

Dang 2: {a l b l +...+a n b n )<— -^^2^2-— 

[ a l =a 2 =... = a n 

Dau dang thuc xay ra khi va chi khi I 

=b 2 = ... = b n 

1.2. Chimg minh Bang phan tichtruc tiep, taco hang dang there sau: 

n(a l b l +... + a n b n )-(a l +... + a n )(b l +... + b n )=Y j (a i -a j )(b i -b j ) 


Neu a v a 2 ,...a n va b ] ,b 2 ,...b n don dieu cung chieu ta co: 


( a j - aj ) (b t -bj^> 0 => X { a > ~ a j ) {b, -&,•)> 0 hay 


(afa + ...+a n b n )> 


(a t + ... + a n )(^ +...+b n ) 
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Neua p a 2 ,...<3 n va \,b 1 ,..b n dan dieungugc chieu ta co: 


(a, - cij ) [b i - bj ) < 0 => X ( a i ~ a j ) (ty - b j ) < 0 hay 


(oj^ + ... + a ;! & n )< 


(uj +... + a. n ) (b^ +...+ b n ) 


2. Vi du 


Vi du 1 


Cho a,b,c la do dai 3 canh cua 1 tam giac.Chirng mi rth: 

a n b" c n (a + b + c )" _1 

b+c—a c+a — b a+b—c 3 n ~ 

Bo de: Voi a,b,c la do dai 3 canh cua 1 tam giac thi ta co 

abc>(a+b-c)(b + c-a)(c + a-b ) 


Chimg minh: Sir dung bat dang thirc xy < -—ta co 


, . Ua + b-c) + (b + c-a)}~ 

(a +b-c)(b + c-a)< --- — = b 


Tuong tuta co: 

(b + c-a)(c + a-b}< c 2 
[a + b-c}(c + a-b) <a 2 
Nhan ve theo ve 3 bat dang thirc trenta co: 

\J^a + b-c)(b + c-a)(c + a-b )] 2 < (abcf 
=> (a + £>-c)(£> + c-a)(c + a-£>) < abc 
Dau dang thirc xay rakhi a=b = c 
Tro 1 lai bai to an: 

Khong mat tinh tong quat gia sir a>b>c 
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a n -l > b n -1 > c n -1 

-g—a * > c 

+c-a c+a-b a+b-c 


Ap dung bat dang thuc Chebyshev cho 2 day dan dieu cung chieu ta co 

a n b n c n ^ 1 / \ f a & 

-+-+->-(a + £ +c -+-+ - 

b+c-a c+a-b a+b-c 3 V \b+c-a c+a-b c 

Su dung bat dang thuc AM-GM va bo d6 ta co: 


33 C 
\( a 4 


fr + c-a c + a-Z? a + b-c ]j (a + b-c)(b + c-a)(c + a-b) 

Va theo bat dang thuc Holder ta co 

(a" +b " +c" +1 +l)(l +1 +l)...(l +1 +l) ^.(a+b + c) (2) 

v •#nnnnmnnnjnnnnn@iffW 'fv 

n—2 

Tu (1)(2) ta co: 


>3 (1) 




c _V (a+b+c) n ~ l 

b-c) 


TCr do suy ra dieu phai chung minh. Dau dang thuc xay ra khi a=b = c 

Qua vi du vua roita co the thay dupe: viec su dung bat dang thuc Chebyshev da 
dua bai toan tu phuc tap ve muc do cua mot bai toan nho hon, do la mot viec rat 
huu ich khi chung minh bat dang thuc. 


Vi du 2 


Cho a l ,a 2 ,...a n > Othoaman a^ +al+...+a 2 n > l.Dat S = a l +a 2 + ... + a n 
.Chung minh: 

Phan tick va dinh hie&ng Idi giai: 

a)Be cong viec chung minh thuan lpi nhat, ta se su dung triet de dieu kien 
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af +al +... + a 2 n > 1. Khong mat tinh tong quat, gia sir a : > a 2 >.... > a n 


a[ >a 2 >.... > a n 

.>^l_ 

S - aj S - a 2 S~a n 

—!—>—!—> . >_!_ 

S -a. S -a 0 S -a„ 


Ap dung bat dang thuc Chebyshev cho 2 day don dieu cung chieu ta co: 

(1) 

(2) 


Ap dung bat dang thuc Cauchy-Schwarz ta co: 


1 n" n" 


(3) 


TCr (1)(2) va (3) ta co 


V a ‘ >— nl = _L 

VtS-a, n 2 (n-l)S n -1 
Dau dang thuc xay ra khi a l =a 2 =... = a n = 1 
b)Khong mat tinh tong quat, gia su aj > a 2 >.... > a n 


\a[ >a 2 >....> a„ 

1.1 


1 


> . >- 

I S - a. S -a 2 S - a 


Ap dung bat dang thuc Chebyshev cho 2 day don dieu cung chieu, taco: 

(4) 

Mat khac theo bat dang thuc Cauchy-Schwarz ta co: 


S-a t S-a t 
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< 5 > 

„ t S-a, Y,(S-a,) 



( 6 ) 


Vidu 3 


Chung minh rang voi moi so dirong a,b,c. Chung minh rang: 


a 2 | b 2 | c 2 ^ ^3(a 2 + b 2 +c 2 ) 
b + c c + a a+b 2 

Phan tick va djnh hie&ng Idi giai 

Khong mat tinh tong quat.gia sir a>b>c 


a 2 >b 2 > c 2 

b + c c + a a + b 


Ap dung bat dang thrrc Chebyshev cho 2 day so don dieucung chieu,ta co: 

— + — + — >-(a 1 +b 2 +c 2 )(y—) (1) 
b + c c + a a + b 3 V \ ^b + c 


Mat khac theo bat dang thrrc Cauchy-Schwarz ta co: 

111 9 


(2) 


b + c c + a a + b 2 (a+b + c) 

(\ + \ + \)(a 2 +b 2 +c 2 )>{a + b + cf ^a + b + c<^l(a 2 +b 2 +c 2 ) (3) 
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TCr (l)(2)va (3)taco dieuphai chung minh. Dau dang there xay rakhi a = b = c 


Vi du 4 


Cho a,b,c> 0 .Chung minh rang: 


y/a + b + yjb + c + yjc + a > 4 (a+b + c) 

cab y j( < a + b)(b + c)[c + a) 


(Darij Grinberg) 


Phan tick vd djnh hie&ng loi giai 

I yjb + c =x f2 a = y 2 + z 2 -x 2 

y/c + a = y =^> < 2b = x 2 + z 2 - y 2 
y/a + b =z [2c = x 2 + y 2 - z 2 

Do do, bat dang there can chung minh dupe viet lai thanh: 

z ^x 2 + y 2 + z 2 


y 


xyz 


y +z -x x +z -y x + y -z 
Khong mat tinh tong quat, gia ser a > & > c =>x>y>z 
Ta co: 

x(y 2 +z 2 -x 2 )-y(x 2 + z 2 -y 2 ) = (y-x)(x 2 + y 2 -z 2 + 2xy)< 0 
y(x 2 +z 2 -y 2 )-z(x 2 + y 2 -z 2 ) = (z-y)(z 2 + y 2 -x 2 + 2yz)<0 

111 

x(y 2 + z 2 -x 2 ) y(x 2 + z 2 -y 2 ) z(x 2 + y 2 -z 2 ) 

Ap dung bat dang there Chebyshev cho 2 day so don dieucung chieu, ta co: 


X * - >\^ + f + e) - 1 

y +z —x 3 V 7 


x(y 2 + z 2 -x 2 ) 


( 1 ) 
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Mat khac theo bat dang thuc AM-GM ta co: 


x(y 2 + z 2 -x 2 ) y(x 2 + z 2 -y 2 ) z(x 2 + y 2 -z 2 ) i]xyz(y 2 + z 2 - x 2 )(x 2 + z 2 - y 2 )(x 2 + y 2 -z 2 ) 

Va ap dung bo de d bai 1: 


x 2 y 2 z >(y 2 + z 2 -x 2 )(x 2 + z 2 -y 2 )(x 2 + y 2 -z 2 ) 


-( 2 ) 


ijxyz(y 2 + z 2 -x 2 )(x 2 + z 2 -y 2 )(x 2 + y 2 -z 2 ) ^ 

Tir (1) va(2) ta co dieu phai chimg minh. Dau dang thuc xay ra khi a = b = c 


Cho x 1 ,x 2 ,....x n >0 thoaman : 


— = 1 .Chung minh 


rang: + x 2 +.+ x n > (n— l) I —i-f. h— 


Phan tick va djnh hie&ng loi giai: 


Khac vdi nhung bai trade, bai nay kha la kho de phat hien dupe 2 day phu 
hop de sir dung bat dang thuc Chebyshev, hon nua, dieu kien cua bai kha la phirc 

tap. Do do,ta se bien doi de khai thac triet de dieu kien nay. Bat ^ 1 2 = a, 



.Bai toan trd thanh: 


f0<a 1 ,a,,....a n <1 

Cho i " , .Chimg minh rang: 

+ a 2 + + a n =1 












1 1 1 ^ a, a, a, 

<=> I - +— j - + ^ >ft _+ . +...+ - 

^(l-aQ ya 2 (l-a 2 ) yja H (l-a n ) ^/a 2 (l-a 2 ) s Ja l ,(l-a„) 


Den day ta da tao ra dirge 2 bo so don dieu ngirge chieu do la 2 bo s6 (a 1; a 2 ,...,aj 


va , r =. , . Ap dung bat dang thuc Chebyshev ta co: 

-ad > 2 (l-« 2 ) 4 a n( X ~ a n)) 


yja 2 (l-a 2 ) <Ja n (l -a n ) 


< n. — (a l +a 2 +... + a n ) 
1 1 


V«,(l-«,) Ja 2 (l-a 2 ) \l a „(l-a n ) 

1 


('-«,) sja 2 (\-a 2 ) ja n (\-a n ) 


Vay ta co dieu phai chung minh. Dau dang thuc chi khi aj = a 2 


_ 1 
ft 


Qua cac vi du tren at han cac ban da phan nao tiep nhan duoc sue manh cua 
bat dang thuc Chebyshev, tuy nhien co the noi rang d cac bai toan tren thi cac day 
don dieu van con kha '16" va dieu do lam cho chung ta de dang khai thac. Tren thuc 
te thi cac bai toan thuoc loai kho thi thuong khong cho phep chung ta ap dung duoc 
ngay bat dang thuc Chebyshev mot each true tiep ma phai qua cac phep bien doi 
tinh te hon. De ro hon ve di6u ta cung di den cac vi du sau: 


Vi du 6 


Cho x,y,z>0 thoaman x+y + z = l. Chung minh rang: 

1 1 1 ^27 

x 2 +l y 2 +l z 2 +l~10 


Phan tick va djnh hie&ns loi giai 

Vi chieu cua bat dang thuc la be hon hoac bang nen dau tien ta se nghi den 
viec tao ra 2 day don dieu nguoc chieu 6 VT de ap dung duoc bat dang thuc 
Chebyshev. Ta se thu nhan tuong ung x, y, z. vao ca tu va mau moi phan thuc tuong 
ung va hi vong co duoc 2 day can tim. Bat dang thuc can chung minh tuong duong 
voi: 
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1 


1 


x(x 2 +l) y(y +1) z(z 2 + 1) 10 


Khong mat tinh tong quat gia sir x > y > z = 


1 


x(.r+l) y(y 2 +l) z(z 2 + 1) 

Ap dung bat dang thuc Chebyshev cho 2 bo so don dieu nguoc chieu ta co: 


<i(x+y + z)| 


x(x 2 +l) y(y 2 +1) z(z 2 +l) 3 ' 

If 1 


1 


1 


1 


x(x z +l) y(y 2 + 1) z(z 2 +l) 

1 1 


3 ^ x(x + 1) y(y +1) z(z 2 + 1) 


rp X ,, • , i 1 1 1 ^81 

Ta can chung minh rang --- 1 ---h —--< —. 

& x(x 2 +l) y(y +1) z(z 2 + 1) 10 

Nhimg that dang tiec rang bat dang tren lai khong dung!!! That vay ta chi can chon 

v = 0,5;y = 0,3;z = 0,2 thi se co ngay - \ -+- 1 -+ —j -»9,466> —. 

x(x 2 + l) y(y +1) z(z 2 + 1) 10 

Vay la y tubng sir dung bat dang thuc Chebyshev cho 2 bo so don dieu 
nguoc chieu cua chung ta da that bai. Tuy nhien hay luon tin tubng rang nhung that 
bai nhu vay la binh thubng va chinh dieu do mbi thoi thuc chung ta di tim kiem 
nhung lbi giai mbi. Vbi bai toan nay, khi khong the su dung bat dang thuc 
Chebyshev cho 2 bo nguoc chieu, dieu con lai chac chan chung ta se co gang tao ra 
2 bo don dieu cung chieu va lai ap dung bat dang thuc Chebyshev, muon nhu the 
trubc tien chung ta dua bat dang thuc da cho ve dang: 


+^—+^— 1>° 

^"+1 y +1 r+ 1 ) 


9 l 9 l 9 l n 

<=>--- 1 --- 1 - - — > 0 

10 x 2 +l 10 y 2 +1 10 z 2 +l 


9x -1 9y -1 


9z -1 


>0 


10(x 2 +1) 10(y 2 +1) 10(z 2 +1) ” 

. (3jc-1)(3jc + 1) , (3y-l)(3y + l) , (3z-l)(3z + l). 


10(v 2 +1) 10(y 2 +1) 


10(z 2 +1) 
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Bay gib thi 2 bo so don dieu cung chieu da dupe tao ra, do chinh la 2 bo so 

(3x-l;3y-l;3z-l) va 3* + l ; 3y + l ; 3<. + l ]• "That vay khong mat tlnh tong quat gia 

yx +1 y +1 z +1 J 

sir x> y > z khi do ta co 3x-l>3y-l>3z-l. Mat khac tacung co: 

3x + l 3y + l _ (x-y)(3-3xy-x-y) _ (x-y)(2x+2y+3z-3xy) 
x 2 + l y 2 +l~ (x 2 +l)(y 2 +1) ~~ 10(x 2 +l)(y 2 +l) 

(Do x > y va 2x + 2y> 4 Jxy > 4xy > 3xy (do 0<x,y<l)) 


3x + l 3y+ 1 
^ x 2 +l “ y 2 +1 ’ 


Tuong tvr ta co : 


3i + l 3y+l 3z+l 


x 2 +l y +1 z 2 +l 

Ap dung bat dang thuc Chebyshev ta co 
(3x-l)(3x 


10(x +1) 


±l) £ ii [3 (, + y + z )-3]f^±l + 5|±l + ?f±lVo 

1) 10 3 l V 2 +l v 4 I z 2 +lj 


Vay ta co dieu phai chung minh. Dau dang thuc xay ra chi khi x = y = z = -. 


Dieu kho khan nhat cua bai toan nay chinh la viec phan tich ve duoc dang 
chuan tac nhu da trinh bay b lbi giai tren. Sau khi da dua duoc vB dang do thi bai 
toan con lai trb nen kha don gian khi sir dung bat dang thuc Chebyshev. 


Vi du 7 


Cho a,b,cG0 thoaman a+b + c = 3. Chung minh rang: 


1 1 

9-ab 9-be 


Neu nhu chi giu nguyen bat dang thuc b dang nay thi gan nhu la ta se khong the 
chung minh no bang bat dang thuc Chebyshev duoc, chinh vi the ta se dua no ve 
dang tuong tu nhu vi du 6 la: 


3 

8 


1 1 1 
9-ab 9-be 9-ac 
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1 


1 


1 


9-ab 8 9-be 8 9-ca 


1-ab 

9-ab 


l-bc 1 -ca v 
9 -be 9-ca 


Den day ta cung vdn chira thu dirge dieu gi dang ke, vi 2 bo s6 (l-ab;l-bc;l-ca) 

va ( —-—; —-—; —-— | la 2 bo s6 don dieu ngugc chieu trong khi chieu cua bat 
\9-ab 9-be 9-ca) 

dang thuc can chung minh lai la Ion hon hoac bang. Dieu nay lam chung ta nay sinh 
y nghT nhan ca tu va mau moi phan thuc voi cung mot dai luong nao do de tao ra 
duoc 2 bo so don dieu ngugc chieu. Tren con dubng do ta di den lbi giai sau: 


1-ab l-bc 1 -ca 
9-ab 9-be 9-ca 


^ (i-ab)(6+ab) + (i-bc)(6+bc) + (l-ca)(6 + ca) 

(9-ab)(6+ab) (9-bc)(6+bc) (9-ca)(6+ca) 

Khong mat tinh tong quat ta co the gia su: a>b>c , khi do ta de dang chung minh 
dugc: 


f (1 - ab)(6 + ab ) > (1 - bc )(6 + be) > (1 - ca)(6 + ca) 

1 . 1.1 


1 


{(9 - ab)(6 + ab) (9-bc)(6 + bc) (9-ca)(6 + ca) 

Ap dung bat dang thuc Chebyshev ta co: 

(1 - q&)(6 + ab) + (l-fc)(6 + fc) + - 

(9-ab)(6 + ab) (9-bc)(6+bc) (9-ca)(6 + ca) (9-ab)(6 + ab) 

Ta co: (a + b+c) 2 >3(ab+bc + ca)^9>3(ab + bc + ca)^3>ab + bc + ca(*) . Vay ta 

chi can chung minh: ^ (1 - ab)(6 + ab) > 0 la bai toan se dugc chung minh hoan tat. 


Dieu can chung minh tuong duong voi: 

5 (ab+bc+ca) + a 2 b 2 +b 2 c 2 +c 2 a 2 <18 
<» (ab + bc + ca) 2 + 3 (ab + bc + ca)< 18 
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Theo bat dang thirc (*) ta co: {ab+bc + caf +3(ab+bc + ca) < 3 2 +3.3 = 18 . 

Vay ta co dieu phai chimg minh. Dau dang thirc xay ra chi khi a — b = c = 1. 

Cho x 1 ,x 2 ,...,x n > 0 thoa man x l +x 2 +...+x n +xf + x 2 +...+x* <2n. va 


Vi du 8 


max{x ; +x }<n -1 .Chung minh rang Y---< 1 . 

“7 n +1 - x ; 

Cung nhir 2 vi du tren ta se thir dira bat dang thirc da cho ve dang chung minh voi 
chieu la Ion hon hoac bang la: 


l-Y—-—>o^Y --— >o^Y-^—>o 

~^n + l-x t Tt\n n + l-x i J ~rfn(n + l-x ( .) 

Tuy nhien ta chira the sir dung bat dang thirc Chebyshev ngay o day dirge, hon nha 
ta van chira sir dung den dieu kien kha "mien cirong": 

Xi "t" x 2 +... + x n + x t 2 + x 2 +... + x 2 < 2 n. 

Chinh vi the ta cung se tim each nhan them mot dai lirong tirong img d ca tir va mau 
moi phan thirc de tan dung triet de gia thiet nay. 


T 'V 1 i — V- n (1 - v )(v +2) 

Ta co: > - 5 ->0<» > - 5 — 1 ->0 

^n(n + l-x ; ) tfn(x,. + 2)(n + l-x ; ) 


Den day khong mat tinh tong quat gia sir x 1 > x 2 >... > x n thi ta de dang co dirge 

f(1 -x,)(x, + 2) < (1 - x 2 )(x 2 + 2) <... < (1 -x„)(x„ + 2) 

1.1 . . 1 


[(Xj +2)(n + l-Xj) (x 2 +2)(n + l —x 2 ) (x„ +2)(n + l-x n ) 

Ap dung bat dang thirc Chebyshev ta co: 

1 


(1 

n(x ; 


^•X^+2) 

I2)(n+l-x,) n 2 1. tT tf'AtfC 


>0 


M (*,- + 2)(n+1 - x ; ) J 

(dung do Xj + x 2 +... + x n + x 2 + x 2 +... + x 2 < 2 n .) 

Vay ta co dieu phai chung minh. Dau dang thirc xay ra chi khi x, = x 2 =... = x n 
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Trong bai toan tren, viec kheo leo phat hien ra nhan tu x t +2 de nhan vao moi phan 
thuc chinh la diem mau chot, khong nhung tan dung dugc toi da gia thiet bai toan 
ma con cho ta mot each chung minh bang Chebyshev het sue dep mat. 


Vi du 9 


Cho a,b,c>0;k<2. Chung minh: 


a 2 -be b 2 -ca c 2 -ab 

— -1-- + —--- > 0 

b 2 +c 2 +ka 2 c 2 +a 2 +kb 2 a 2 +b 2 +kc 2 

Phan tich va dinh huong loi giai 

Nhan them cac he so tuong ung vao moi phan so bat dang thuc can chung minh trd 
thanh: 


(a 2 -ftc)(ft+c) | (» 2 -c«)(c + a) | (e-ab)(a+b) ^ ^ 

{b 2 +c 2 + ka 2 ^(b + c) [c 2 +a 2 + kb 2 ^{c + a) (a 2 +b 2 + kc 2 ^(a + b) 

Khong mat tinh tong quat gia su a>b>c . Khi do 

a 2 -bc^(b+c)-(b 2 -ca)(c + a) = (ab + c 2 ^(a-b) + c(a 2 -b 2 ^> 0 
j(& 2 -ca)(c+a)-(c 2 -ab}(a+b) = ( bc+a 2 ^(a-c)+a(b 2 -c 2 )> 0 

=>(a 2 -bc}(b + c)>{b 2 -ca)(c + a)>(c 2 -ab}{a + b) 

• [b 2 +c 2 +ka 2 ^(b + c)-{c 2 +a 2 +kb 2 ^(c + a) = (6-a)[^a 2 -(£-l)^a£>] <0 

Tuong tu ta co 

[c 2 + a 2 +kb 2 ^(c + a) < {a 2 + b 2 +kc 2 ^(a + b) 


Do do 

_i_>_ 1 _>_I_ 

{b 2 +c 2 +ka 2> j(b + c) [c 2 +a 2 +kb 2 ^{c + a) {a 2 +b 2 +kc 2 ^(a + b) 
Str dung bat dang thuc Chebyshev ta co 
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1 


Vr(*)>[(a 2 -^)(^ + c) + (^ 2 -ca)(c + a) + ( g 2 —a^)(a + ^)]X ^ 2+c2+ ^ 2 ^^ + c) = 

Vay ta co dieu phai chung minh. Dau dang thirc xay ra khi a=b = c 
Cho cac so thirc khong am a,b,c.Chirng minh rang: 


Vi du 10 


a b c 2 / 

-H-H-> —(ab + bc + ca 

b + c c + a a + b 3 


[(a + Z?) (b + c) (c + a) 

Phan tick va dink huvng loi gidi 
Bat dang thirc can chung minh tircmg dirong: 

3Y — >2Y bC + a ( b+ 7 C ^ = 2Y —^ + 2Y — 

^b + c ^ (, b + c ) 2 ^(b + cf ^b + c 


^V_^>2V bc ^y ab + ac-lbc 
^b + c ^(b + cf ^ (b + c ) 2 


Khong mat tinh tong quat, gia sir a>b>c. Khi do: 


f ab + ac - 2 bc >bc + ba- 2 ca >ca + cb- lab 

1 . 1.1 


[(Z? + c) (c + a) (a + b)" 

Sir dung bat dang thirc Chebyshev ta co: 

^ ab+ac- |*£ii[£( a i + ac _2f*:)]| £7^- 


(b+c)' 


(b+c) 


Ket thirc chimg minh.Dau dang thirc xay ra khi a-b = c 

Qua cac vi du vira qua, ta co the thay dirge, khi dimg tnroc cac bat dang thirc 
co dang doi ximg ben canh cac bat dang thirc co dien nhir AM-GM hay Cauchy- 
Schwarz thi Chebyshev luon la mot phirong an toi im .Tuy nhien, de sir dung mot 
each hieu qua Chebyshev thi doi hoi ngiroi lam phai co sir tinh te va kheo leo de 
phan tach cac dai lirong hop li. 
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3. Bai tap ty giai 

Cho a,b,c la do dai 3 canh cua 1 tam giac. Chung minh; 


Bai 1 


Bai 2 


Bai 3 


V---> Y a x ~ y 

^{b + c-a) y ^ 

Cho a,b,c> 0 Chung minh rang: 

3 (a + b + c)> yja 2 + 8bc + \/b 2 + 8ca + \/c 2 + Sab 
Cho a,b,c,d >0 thoaman a 1 +b 2 +c 2 +d 2 = 4 .Chung minh: 

1 1 1 1 ^ 

3 -abc 3 -bed 3-cda 3-dab 

Cho a,b,c,d > 0 thoaman a+b+c+d - 4 .Chung minh: 


1 1 

11 + a 2 + n + b 2 


l + c 2 11 + d 2 3 


Bai 5 


Cho a x ,...a n >0 thoa man a 1 +... + a n =1 .Chung minh voi moi so nguyen 


£>ltaco: —— +—— 
1 -a l 1 -a 2 


a n a, +a 2 


—— > 

l—a 
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BAT DANG THlTC MUIRHEAD 


Le Nguyen Nam Son- Nguyen Xuan Qui 

1. Gioi thieu bat dang there Muirhead: 

Bat dang thirc Muirhead dugc ra ddi vao dau the ki XX nhimg chi dugc mgi 
ngudi there su quan tarn viec rmg dung cua no trong chung minh bat dang there khi 
Internet phat trien cung vdi su ra ddi cac website Toan hgc noi tieng tren the gidi. 
Sd di bat dang there Muirhead dugc chu y muon vi pham vi cua no chu yeu de so 
sanh cac da thera dong bac nhemg viec chuyen ddi mot bat dang there dep de (dang 
phan thu thu ggn) ve dang da there cong kenh nhieu so hang la viec lam bat dac dT 
mang tinh chat thg thu cong hon la su thong minh, kheo leo. Tuy nhien phai ther 
nhan bat dang there Muirhead la mot cong cu manh hon AM - GM bdi vi no so sanh 
2 cau true lien ket cong co ca 2 ve chu khong phai d giua mot lien ket cong (lien ket 
manh) vdi mot lien ket nhan (lien ket yeu). Vdi viec ma hoa trong ngon ngu ki hieu 
thi chung ta co the de dang chuyen doi bat dang there dang phan there sang da there. 

2. Mot so khai niem lien quan den Bat dang there Muirhead: 

2.1. Bo troi 


Cho 2 bo n sd sap ther ter 


Ua) = (a 1 ,a 2 ,..„ a„) 
[(b) = (b 1 ,b 2 ,...,b„) 


f a. > a.,, - 

Tuc la: \ ' ,+1 Vi = l,n-l 

\ b i * b M 

Ta noi bo (a) troi hon bo (b), ki hieu a >- b neu va chi neu chung thoa man cac 
dieu kien sau: 

a i - b i 

a 1 +a 2 >b 1 + b 2 

< . hay 

u| + a 2 +...+ — b^ -\-b 2 +... + b n _i 
£<i +a 2 +...++ a n =b 1 +br, +... + b n _ i + b n 


^ a k > ^ b,ym = 1, n -1 

k =1 k =1 


2.2. Trung binh loai [a] 
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Gia su x t > 0,1 < i < n . Ta Id hieu: ^\F(x l ,x 2 „..,x n ) la tong cua n! bilu thuc 
thu dirge tu* F(x l ,x 2 ,...,x n ) bang tat ca hoan vi cua x { 

Xet truong hop dac biet: F(x l ,x 2 ,...,x n ) = ,x“ 2 . x“ n (x t >0 ,a t >0) 

Khi do, trung binh loai [a] duoc dinh nghTa nhu sau: 

[a] = [a 1 ,a^,...,a n ] = — Vlx^ 1 ,x 2 “ 2 .x n “" 

n! 

Dac biet: 

Trung binh cong: [l;0;0;...;0l = + * 2 + '" + x » = ^ n + x, +... + xJ 

n n\ 

Trung binh nhan: [ — ; — = dx l x 2 ...x n 

nnn 

2.3. Tong hoan vi 

Cho P(a,b,c) la ham ba bien a, b, c. Kh i do, tong hoan vi cua P(a,b,c) duoc ki 
hieu la ^P(a,b,c) va ^P{a,b,c) = P(a,b,c)+P(b,c,d)+P(c,a,b) 

Vi du: ^ ab 2 c 3 = ab 2 c 3 + be 2 a 3 + ca 2 b 3 

2.4. Tong doi ximg 

Cho P(a,b,c) la ham ba bien a, b, c. Khi do, tong doi xung cua P(a,b,c ) duoc 
ki hieu la ^]P(a,&,c) va 

Y J P(a,b,c) = P(a,b,c) + P(b,c,a) + P(c,a,b) + P(c,b,a) + P(a,c,b) + +P(b,a,c) 
Vi du: ^ abc = babe 

2.5. Lucre do Young 
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Xet cac da thuc doi xung voi oc v a 2 ,...,a n e'.. . Bieu dien la tong dien 

tlch cua cac hinh chu nhat co klch thuoc (lxa.) , tuc la: 

S = (lxa 1 ) + (lxor 2 ) + ... + (lxeO 


VD: ^” J ,= 2 („! |— 

(1x3) (1x0) (1x0) 

Vidu:: ^ = 6a x a : a } <=> 

(lxl) (lxl) (lxl) 

3. Dinh ly Muirhead: 

Mac du luge do Young da giup chung ta rat nhieu nhraig no van con ton tai 
nhieu han che nhat dinh 

Vi du:: Gia su« = (a v a 2 ,...,a n ) va P = (J3 v j3 2 ,...,j3 n ) la 2 bo s6 mu dong bac, tuc la: 

a 1 +a 2 +...+a n = fi 2 + ... + /?„ . Khi do neu bieu dien bang luge do Young so cac 
hi nh chu nhat (1x0) cua 5“'^’"^“ va la bang nhau thi chua so sanh dugc 2 

da thuc doi xung nay voi nhau bang luge do Young. Va dinh ly Muirhead se giup ta 
giai quyet dugc van de nay. 

Dinh ly Muirhead: Cho >0,l<z'<n va (a), (b) la 2 bo n so thuc. Khi do, neu 
flVfr ‘hi S^:X->S^zt.Ki hieu: la„a 2 ,...,a,]y[fi„/S 2 ,...,/i,] 

Bao lai: Neu mgi bo X ={a 1 ,a 2 ,...,aj gom n so thuc duong, ta co 

s a;2:£">a>b 

Nhan xet: Bat dang thuc Muirhead thubng dugc su dung cho bat dang thuc ba bien 
boi nhung ly do sau: 
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+ Boi voi bat dang thuc hai bien so, viec ap dung bat dang thuc AM - GM co the 
giai quyet de dang va dcm gian hon so voi dinh ly Muirhead. 

+ Boi voi bat dang thuc tir bon bien tro len, viec dua ve da thuc doi ximg la mot 
dieu rat kho khan. 

Sau day la each chung minh dinh ly Muirhead voi ba bien so: 

Truoc het, ta chung minh voi n = 2 


Neu 


a x >a 2 ;p 1 >p 2 

a x > P{,a x +a 2 = p x + P 2 


thi [a,;a 2 >[#;,ff 2 ] 


Ta co: 

(apa 2 ^ + a^a 2 a ')-(af'a 2 fh +apa 2 f) ') = (a l a 2 ) a Ha ] a ^ -ap- p '-o 2 a ^)>0 


^[a x ,a 2 ]^[p x \P 2 ] 


{a l >a 2 >a 3 ;P l >P 2 >P 3 

Voi n = 3: N6u \a x >P 1 ;a l +a 2 >P x + P 2 thi [a x ;a 2 ;a 3 ] y[p x ;P 2 ;P 3 \ 
[eq +a 2 + a 3 = P x + P 2 + P 3 


Goi I 3 la mot hoan vi (i 1 ,i 2 ,i 3 )cu& bo so (1;2;3) 


Sir dung ket qua voi n = 2, ta co: 

2X‘ “ 3 -K‘ +a i^ a h^~ +a, a ' +a2 - fi ' a ,/') 


= I« 1 A -K ai+a2 '^ i) “ 3 +a^a h ^-A) > £a. \ * +a,/>a.*) 


=> [cc x , <x 2 , <x 3 ] >- \_P X , P 2 , P 3 ] 

Ta co mot so nhan xet sau day 

Nhan xet 1: Bat dang thuc AM - GM la he qua cua dinh ly Muirhead 

[1,0,...,0] 

n n n 
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Nhan xet 2: Neu x l x 2 ...x n =1 thi: 


[a v a 2 ,...,a n ] = [(a 1 -t),(a 2 -r(er n -r]; V^P 
Nhan xet 3: Neu x t x 2 ...x n >1 thi: 

[a 1 ,a 2 ,...,aj>[(a 1 -r),(a 2 -r ,)...,{a n -r];Vr>0 
Nhan xet 4: Sir dung bat dang thuc AM - GM, ta co: 

Vdi 2 bo n so thuc (a) va (b): 

4. Ky thuat su dung dinh li Muirhead 

Sir dung bien doi tuong doi tuong duong va dinh li Muirhead 
Phuo'ng phap chung 

Be ung dung da thuc doi xung va dinh ly Muirhead trong chung minh bat 
dang thuc, ta can thuc hien theo 2 buoc co ban sau: 

Buo’c 1: Phan tich 

+ Bien doi bat dang thuc can chung minh ve dang tong cac da thuc doi xung 
d ca 2 ve cua bat dang thuc 

+ Bieu diln cac da thuc doi xung theo ki hieu quy uoc trong ly thuyet noi 

tren. 

Budc 2: Banh gia 

+ Cach danh gia: Lam mat dan cac da thuc doi xung co gia tri ldn d ve co gia 
tri nho hon. Thay vao do la cac da thuc doi xung nho nhat co the. 

+ Phep danh gia duoc thuc hien nhd cac nguyen tac sau: 

- Su dung danh gia cac bat dang thuc sin co 

- Tim toi, du doan cac bat dang thu nhd hon can chung mi nh 

- Sir dung cac each bien doi de tao ra each danh gia mdi 
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5. Sir dung dinh ly Muirhead voi AM - GM, Holder, ASYM, Schur 

5.1. Bat dang thiec AM - GM 


t>. . » a,+a 2 +... + a /- 

Dang tong quat: —-=-- > da l a 2 ...a n 

n 

Dang suy rong: a,x, + a 2 x 2 +... + a n x n > a Xl a 2 2 ...a Xn 

5.2. Bat dang thiec Holder 

5.3. Bat dang thiec ASYM 

Ket hop giera bat dang there AM - GM va Holder, ta co bat dang there ASYM nhir 
sau: 

Chombo s6 (a h ;a l ;...;a l J,(a 2 ;a 22 ;...;a 2 ),...,(a mi ;a m2 ;...;a m ) voi m,nsO + 

Va x 1 ,x 2 ,...,x n >0 .Bat t j = vi = 1,2 

m 

Khi do: Ta co bat dang there ASYM: 

] + [a 2i ;a 2i ;...;a 2 ] + ... + [a mi ;a, )l2 ;...;a mn ]>ni[t 1 ;t 2 ;...;tj 

Nhan xet: Bat dang there ASYM chinh la ser ket hop cua 2 bat dang there: he qua cua 
bat dang there AM - GM (ve trai) va bat dang there suy ra ter bat dang there Holder 
(ve phai) 

5.4. Sir dung dinh ly Muirhead voi bat dang thiec Schur: 

Dang chinh tac: 

a k (a - b)(a -c) + b k (b- c)(b -a) + c k (c- a)(c -b)> 0 
o[k+ 2; 0; 0] + [k; 1; 1] >■ 2[k+1; 1; 0] 


rh>" 


, >0;/ = 1,m; j — 1 ,n 


6. Vi du 
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Chung ta hay bat dau voi mot vi du kha don gian: 

Vi du 1: Cho a,b,c la 3 canh cua mot tarn giac. Chung minh: 

( a+b)(b + c)(c+a)> 8 abc 

Giai: 

Cach 1: Khai trien, ta co: 

Bat dang thuc can chung minh tuong duong voi: ^ a 2 b > 6 abc 


Theo dinh ly Muirhead, taco: [2; 1;0] >-[1; 1; 1] (hiennhien dung) 


Vay (a +b)(b + c)(c + a)> Sabc 
Dau bang xay ra khi va chi khi tarn giac ABC deu 
Cach 2: Ap dung bat dang thuc AM - GM voi 2 so thuc duong 
\ a + b > 2 y[ab 

\ b + c > lyfbc => (a + b)(b + c)(c + a)> Sabc 
c + a > 2 y[ca 

Dau bang xay rakhi va chi khi: tarn giac ABC deu. 

Nhan xet: Tren day chi la mot bat dang thuc quen thuoc ma viec ap dung dinh ly 
Muirhead kha don gian, chi viec khai trien bieu thuc ban dau va ap dung thang dinh 
ly Muirhead. 

Dudi day ta se xet voi mot bat dang thuc dang phan thuc, doi hoi su phan tich chinh 
xac 

Vi du 2: (IMO 2005 Pro A3) Cho x,y,z la cac so thuc duong, xyz > 1 . 


Chung minh: 


y +z +.v z + x + y 


Giai: 

Cach 1: Quy dong khtr mau. Ta co: 


- 103 - 



Bat dang thuc can chung minh tuong duang vai: 




Ta can chung minh: 

[9; 0; 0] + 4[7; 5; 0]+[5; 2; 2] + [5; 5; 5] > [6; 0; 0]+[5; 5; 2] + 2[5; 4; 0] + 2[4; 2; 0]+[2; 2; 2] 


That vay, sir dung dinh ly Muirhead va 2 nhan xet: 

+ Neu x l x 2 ...x n >\ thi [a v a 2 ,...,a n \ > [(a t -r),(a 2 -r,)...,(a n -r];Vr > 0 

+ Vai 2 bo n so thuc (a) va (b) thi: >[^-^1 


Ta co: 


[9;0;0] >- [7; 1; 1] >-[(7-l);(l-l);(l-l)]=[6;0;0] 

[7; 5; 0] >- [5; 5; 2] 

2[7; 5; 0] >- 2[6; 5; 1] >- 2[(6 -1); (5 -1); (1 -1)] = 2[5; 4; 0] 

7 11 73 11 37333 

[7;5;0] + [5;2;2]^2[6;-;1]^2[ t ;-;-]^2[(---);(---);(---)]=2[4;2;0] 

[5; 5; 5] >- [(5 - 3); (5 - 3); (5 - 3)]=[2; 2; 2] 

Cong ve theo ve cua cac danh gia tren, ta co ngay dieu phai chung minh. 

Dau bang xay ra khi va chi khi: a = b = c = 1. 

C4ch 2: Ta c6: , > 5 ^ = 4 2 

x 3 + y A +z xr +(y +z ).xyz x* + yz(y +z) 2 x 4 +(y 2 + z) 

Bat a = x 2 ,b = y 2 ,c = z . 

Ta can chung minh: 


y 2 a - a(b + c ) 
2a 2 + (b + cf ~ 
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»2>-&)i 


2 a +(b + c) 2b + (a+c)‘ 


]>0 


o^(a-6) 2 


c 2 +c(a+b) + a 2 -ab+b 2 
[2a 2 + (b + c) 2 ][2b 2 + (a + c) 2 ] 


>0 


Dau bang xay ra khi va chi khi: a = b = c = 1. 


Nhan xet: 

Khi dung dinh ly Muirhead, ben canh viec danh gia cac bo so, nguoi sir dung 
can phai nam vung nhung nhan xet co ban, nhung ki thuat bien doi don gian de tao 
ra cac bo so “trung gian”, nham danh gia duoc cac bo so ma binh thuong khong the 
danh gia duoc. 

Ben canh viec phan tich don thuan, ap dung dinh ly Muirhead cho mot bat 
dang thuc nhat dinh khong nhat thiet chi co mot each. Doi voi mot so bai toan, 
chung ta co the su dung cac ki thuat bien doi de tao ra nhieu danh gia khac nhau, 
nhieu loi gia sang tao. 

Vi du 3: (IMO - 1995) Cho a,b,c la cac so thuc duong, abc = l. Chung minh 

1 1 1 > 3 
a 3 {b + c ) b 3 (c + a ) c 3 (a + b)~ 2 


Cach 1: Quy dong khu mau. Ta co: 

Bat dang thuc can chung minh tuong duong voi: 

^ a 4 b 4 + 2^ a 4 b 3 c + ^ a 3 b 3 c 2 > 3^ a 5 b 4 c 3 + ^ a 4 b 4 c 4 

Ta can chung minh: 

[ 4 ; 4 ; 0] + 2 [ 4 ; 3 ; 1 ] + [ 3 ; 3 ; 2 ] > 3 [ 5 ; 4 ; 3 ] + [ 4 ; 4 ; 4 ] 


That vay: Sir dung dinh ly Muirhead va nhan xet: 

+ N6u *iX 2 ...x n =\ thi [a l ,a 2 ,...,a n ]>[(a l -r),(a 2 -r,)...,(a n -r];Vr>0 
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Ap dung: 


Mat khac: 


[ 5;4;3] = [ ii;8 ; 5] 

3 3 3 

r A A A-\ r ^ 8 8 

[4; 4; 4] = [ —; —; — ] 
3 3 3 


[4;4;0] ] 

3 3 3 

2[4;3;1>2[ — 

3 3 3 


[3;3;2] — ; — ; — ] 

3 3 3 


Cong ve theo ve cua cac danh gia tren, ta co ngay dieu phai chung minh 
Dau bang xay ra khi va chi khi: a = b = c = 1. 

Cach 2: Vi abc = 1 ncn bat dang thuc can chung minh tuong duong voi: 


1 


c a (b + c) 


— (!) 


2 (abc) 3 


Bat a=x 3 ,b = y 3 ,c = z 3 (x,y,z> 0) 


fl)~X 


x 9 (y 3 + z 3 ) 2 x 4 y 4 z‘ 


( 2 ) 


Quy dong khu mau. Ta co 


(2) <=> ^ x 12 y n + 2^ x l2 y 9 z 3 + JVyY > 3JV'yY + JVyY 


Ta can chung minh: 

[12; 12; 0] + 2[12;9; 3] +[9;9; 6] > 3[11; 8; 5] + [8; 8; 8] 
Theo dinh ly Muirhead, ta co: 
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[12;12;0] >- [11; 8; 5] 

2[12;9;3] >- 2[11;8;5] 

[9; 9; 6] >- [8; 8; 8] 

Cong ve theo ve cac danh gia tren, ta co ngay dieu phai chung minh. 
Dau bang xay ra khi va chi khi: a = b = c = \ 

Cach 3: Sir dung bat dang thuc Cauchy - Swcharz dang Engel, ta co: 


Y be 

y_ 1 _=y - 

^a 3 {b + c) ab + ac 2 ^Jbc 


Tj bc 

2 


Mat khac: Theo bat dang thuc AM - GM: 



Bat dang thuc duoc chung minh.Dau bang xay ra khi va chi khi: a = b = c = 1. 

Nhan xet: Tren day la nhung bai toan co dien quen thuoc. Doi voi nhung bat dang 
thuc co he so kha Ion thi sao? Chung ta xet vi du. 

Vi du 4: (Tigran Sloyan) : Cho a,b,c> 0. Chung minh rang: 

a 2 b 2 c 2 < 1 

(2a + b)(2a + c) (2b + c)(2b + a) (2c + a)(2c + &) ~ 3 

Cach 1: Quy dong va khir mau, ta co bat dang thuc can chung minh tuong voi: 


66£ a 3 b 2 c + — y a A bc + 6^ a% 2 + 12^ a 3 b 3 + 30^ a 2 b 2 c 2 

sym ^ sym sym sym sym 


>70 JVfc 2 c 
^2jV& 3 4 


+ I0^a 4 bc + 8^a 4 b 2 +10^a 3 b 3 + — ^ a 2 b 2 c 2 

■sym sym sym ^ sym 

l- ^ y a 2 b 2 c 2 < 4^ a 3 & 2 c + ^ y a7?c + 2^ a 7? 2 


Ta can chung minh: 
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2[3; 3; 0] + y [2; 2; 2] < 4[3; 2; 1] +1 [4; 1; 1] + 2[4; 2; 0] 
Theo dinh ly Muirhead, ta co: 


2[3; 3; 0] -< 2[4; 2; 0] 

4[2; 2; 2] -< 4[3; 2; 1] 

f[2;2;2H§[4;l;l] 

2 2 

Cong ve theo ve cua cac danh gia tren, ta co ngay dieu phai cherng minh. 

Dau dang there xay rakhi va chi khi: a = b = c hoac a = b\c = Ova cachoan vi. 


Cach 2: Sir dung bat dang there Cauchy - Swcharz, ta co: 

9 a 2 (2 a + af 4 a 2 a 2 2 a a 2 

-=--- - -<-1-=-1- 

[2a +b)(2a + c) 2a(a + £> + c) + (2a 2 + Z?c) 2 a(a + Z? + c) 2 a 2 +bc a+b+c 2 a 2 +bc 

Nen: 


9 a 2 


-<2V——+y—= 2+y> 


^ (2a + b)(2a + c) ^a + & + c ^2a 2 +&c ^2a 2 +Z?c 

Ta can chemg minh: 


2a + be 2b + ca 2c + ab 
be ca ab 


2 a 2 + be 2 b 2 + ca 2 c 2 + a& 

Theo bat dang there Cauchy - Swcharz dang Engel: 

y Zrc _y Zrc 2 > ( ab + bc + ca ) 2 
^2a 2 +&c ^~‘bc(2a 1 +bc^j ^ j bc(2a 1 +bc) 

Ket there chemg minh.Dau dang there xay ra khi va chi khi: a = b = c hoac a = b;c = 0 
va cac hoan vi 
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Cach 3: 


Ta co: 

1 yi a~ ^ Cl 1 1 fl(fl-fc)(fl-c) 

3 ^ (2a + b)(2a + c) ^|_3 {a + b + c) (2a + b)(2a + c)j 3 ^ {2a + b)(2a + c) 

Khong mat tinh tong quat, gia sh a>b>c 

Khi do: 


ja(a + 2b)>b(b + 2a)>0 a fr 

[a(2b + c)>b(2a + c)>0 (2a + b){2a +c)~ ( 2b + a)(2b + c ) 

Theo bat dang thhc Vornicu Schur, ta co ngay dieu phai chhng minh. 

Dau bang xay rakhi va chi khi: a = b = c hoac a=b;c = Ova cac hoan vi. 

Vi du5: Cho a,b,c> 0. Chung minh: 

1 + 1 + ^ a+b + b + c + c + a 
a b c c 2 +ab a 2 +bc b 2 +ac 


Giai: 

Cach 1: Quy dong khh mau roi thu gon bieu thhc, ta co: 

Bat dang thhc tirong dirong voi: ^a 4 b 2 c 2 < ^a 4 b 4 

Bat dang thhc tren hien nhien dung vi theo dinh ly Muirhead: 

[4; 2; 2] -< [4;4;0] 

Dau dang thhc xay ra khi va chi khi: a = b = c 
Cach 2: Ta co 

Sh dung bat dang thhc Cauchy - Swcharz dang Engel, ta co: 

b + c _ {b + c) 2 _ {b + cf < b 2 + c 2 

a 2 +bc {a 2 +bc){b + c) c[a 2 + b 2 ^ + b{a 2 + c 2 ) c{a 2 +b 2 ^) b{a 2 +c 2 ) 
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Do do: 


y a+b <y 

^c 2 +ab ^ 


i i i 
=-+-+- 
a b c 


^Z?(c 2 + a 2 ) c(c 2 +a 2 ) 

Dau dang thuc xay ra khi va chi khi: a = b = c 

Nhan xet: Boi khi, trong qua trinh sir dung don thuan dinh ly Muirhead se gap phai 
su danh gia kha vat va. Viec ket hop voi cac bat dang thuc khac nhu AM -GM, 
Holder, Schur se giup chung ta giai quyet nhanh gon cac bai toan nay. 

Vi du 6 : Cho a,b,c> 0. Chung minh rang: 

a" b~ c 2 . ci 

b 2 c 2 a 2 j^b 


Giai: Bat 7 - = —= —; — = — . Khi do, bat dang thuc trdthanh: 
b np c mp a mn 


y m 0 + 3 > y — oVm 6 +3 m 2 n 2 p 2 > y m A np +y m 3 n 3 
np~ sym np 


Ta can chung minh: [6;0;0]+[2;2;2]>[4;l;l]+[3;3;0] 

Theo Muirhead- Schur, ta co: 

[ 6 ; 0; 0] + [2; 2; 2] > 2[4; 2; 0] 


Mat khac: Theo dinh ly Muirhead, ta cung co: 

[4; 2; 0] >- [4; 1; 1]; [4; 2; 0] >- [3; 3; 0] 

Nen ta co dieu phai chung minh.Dau dang thuc xay ra khi va chi khi: a = b = c = 1 
Hay vi du sau: 

Vi du 7: Cho a,b,c> 0. Chung minh rang: 

(a 2 +b 2 ^{b 2 +c 2 )(c 2 +a 2 ^(a+b + c) 2 > 8 {a 2 b 2 +b 2 c 2 +c 2 a 2 ) 
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Giai: 


Cach 1: 

Chuan hoa: a+b + c - 1. Bat dang there can chemg minh trdthanh: 

(a 2 +b 2 ^(b 2 + c 2 )(c 2 + a 2 )> %{a 2 b 2 +b 2 c 2 + c 2 a 2 ) 

<=> ^ a 6 b 2 + 2^ a 5 & 3 + 2^ a 5 b 2 c + 2^ a Ve + ^ a Ve 2 +]T a Ve 2 > 3^] a V + 6^ a Ve 2 


Ta can chemg minh: 

[ 6 ; 2; 0] + 2[5; 3; 0] + 2[5; 2; 1] + 2[4; 3; 1] + 2[3; 3; 2] > 3[4; 4; 0] + 6[4; 2; 2] 

Iheo dinh ly Muirhead, ta co: 

[ 6 ;2;0] >-[4;4;0];2[5;3;0] X[4;4;0J 
Theo bat dang there ASYM: 

2[5; 2; 1] + 2[4; 1; 3] + 2[3; 3; 2] > 6[ 5 + ^ + 3 ; 2 + 1 + 3 ; 1 + 3 + 2 ] = 6[4; 2; 2] 

Cong ve theo ve cac danh gia tren, ta co ngay dieu phai chemg minh. 

Dau dang there xay rakhi va chikhi a=b = c = ^ hoac a = b = ^;c = 0 va cac hoan vi 
Cach 2: Bat x = a 2 ;y =b 2 ;z = c 2 


Taco: (a+b+cf = [yfx + yfy + Vz) = x+y + z + 2^xy+2- s Jyz+2y[zx 

Lai co, theo bat dang there AM - GM : 

x + y > 2 Jxy <=> 2 Jxy > _^L 
x+y 


Terong ter: 

Nen: 


y + z z + x 


( a +f>+c) 2 >2>+Z7^ 


- in - 



Mat khac: 


'(*-+ y) ( y +z) ( z + x) j 8 (Z^) 2= (*■ _ yf - °; Vx > y> z - 0 

Nen bat dang thirc dirge chirng minh..Dau dang thirc xay ra khi va chi khi a=b = c 
hoac a=b;c = Ova cac hoan vi 

Nhan xet: Qua 2 vi du tren, de dang nhan ra rang, viec sir dung cac bat dang thirc 
nhu AM - GM, Holder, ASYM ket hap vai dinh ly Muirhead rat huu ich khi xuat 
hien bo troi a phia ngugc chi 6 u bat dang thirc. 

7. Bai tap tir giai 

1) Chirng minh rang vai a,b,c la cac so thirc duong thi ta co bat dang thirc: 

a{b + c ) [ b(c + a) | c(a + b) ^ 

b 2 +bc + c 2 c 2 +ca + a 2 a 2 +ab + b 2 

2) Cho a,b,c> 0. Chirng minh rang 

E O (l cib 

sym b be C 

3) Cho a,b,c >0 .Chung minh rang 

[a 2 +b 2 }(b 2 +c 2 )(c 2 + a 2 }(ab + bc + caf >%a 2 b 2 c 2 (a 2 +b 2 +c 2 ) 2 

4) Cho a,b,c> 0. Chung minh rang 

a b c a+b+c 

-7-I-7-1-7- — - 

a +2be b +2ca c~ + 2ab ab+bc + ca 

5) Cho a,b,c> 0. Chung minh rang 

ci + b + c <1 + 1 + 1 

a 2 +bc b 2 +ca c 2 +ab a+b b + c c+a 

6) (Iran 96) Cho a,b,c >0 . Chirng minh rang 
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(i ab + bc + 


1 1 1 

- 2 ^- 2 ^-2 

(a + b ) (& + c) (c + a) 


7) Cho a,b,c> 0 thoaman: a&c = 1. Chung minh rang 

2 1 3 

-1— ^- 

a+b + c 3 ab+bc+ca 

8) Cho a,b,c> 0 thao man abc = 1. Chung minh rang 

(a + b) 2 (b + cf (c + af >(a + 2b + c)(b + 2c + a)(c + 2a + b) 

9) Cho a,b,c> 0. Chung minh 






(Huong dan: Sir dung bat dang thirc ASYM khi danh gia bo troi) 

10) Cho cac so a,b,c khong am sao cho khong co 2 so nao dong thdi bang 0.Chung 
minh rang 

1 | 1 | 1 12 
a 2 +bc b 2 +ca c 2 +ab (a + b + c) 2 
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PHlTONG PHAP PQR 


Tran Thanh Binh 

1. Kien thuc lienquan 

1.1. Binh nghia vd cdcphep bien doi 

- Da thuc doixung Vi-et: 

Ta co p = a+b+c-,q = ab+bc+ca-,r = abc la cac da thuc doixung Vi-et 

- Menh de: Moi da thuc doi xung H(a,b,c ) deu co the bien doi ve dang T(p,q,r ) 

- Cac hang dang thuc dang nhd: 

(a + b)(b + c)(c + a) = pq-r 

(a + b){b + c) + (b + c)(c + a) + (c + a)(a + b) = p 2 +q 

a 2 +b 2 +c 2 = p 2 - 2 q 

a 3 +b 3 +c 3 = p 2 -3pq + 3r 

a 2 b 2 + b 2 c 2 + c 2 a 2 = q 2 - 2pr 

a 3 b 3 + b 2 c 3 + c 3 a 3 = q 3 - 3 pqr + 3r 2 

ab(a + b) + bc(c + b) + ca(a + c) = pq-3r 

ab(a 2 +b 2 )+bc(b 2 +c 2 ) + ca(c 2 +a 2 ) = p 2 q-lq 2 -pr 

1.2. Phu’O’ngphdppqr ket hop bat dang thirc Schur 

- Bat dang thuc Schur: 

Voi moi so thuc a,b,c,kkhdng am. Ta co bat dang thuc 

a k (a - b)(a -c) + b k (b- a)(b -c) + c k (c- a)(c -b)> 0 

Cac trubng hop thong dung nhat la k = l;k = 2 

a(a- b\a - c) + b(b - a)(b - c) + c(c - a)(c -b)> 0 
a 2 (a- b)(a -c)+b 2 (b-a)(b-c)+c 2 (c-a)(c-b)> 0 

- Tu bat dang thuc Schur ket hop voi AM-GM ta co cac bat dang thuc co ban sau: 
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p 2 >3q p 2 q + 3pr>4q 2 p 2 q + 3pr + 2q 2 q 3 +9r 2 >4pqr 

q 2 >3pr pq 2 +3qr>4p 2 r pq 2 > 2p 2 r + 3qr 2q 3 +9r 2 >7pqr 

p 3 >27r p 4 +3q 2 >4p 2 q 2p 3 + 9r>7pq p 3 r + q 3 > 6 pqr 

Vi du 1: Cho a,b,c> 0 thoaman ab+bc+ca+abc- 4 Chung minh r&ng: 

3 (a 2 +b 2 +c 2 ) + abc > 10 


Loi giai: 

Bat dang thuc da cho tirang dirang vai 3p 2 -6^ + r>10<»3p 2 -7^-6>0 (*) 

,36 + P 3 


Theo BDT Schur taco p 3 +9r>4pq=> p 3 +9(4-q)>4pq => q< 


4p + 9 


Thay vao (*) ta co 3p 2 -l.q-6> 3p 2 -7. ^ + P - 6 . Do do ta can chung minh 
4p + 9 


3p 2 -7.^—^ — 6>0 o (p- 3)(5 p 2 +42 p + 102) > 0 « p>3 
4p+9 


Ta thay: q 3 >27r 2 = 27(4 - q) 2 . Neu q < 3 thi q 3 <27 < 27(4 - q) 2 < q 3 (vo ly) 

Nen q>3^>p>3. Vay ta co dieuphai chung minh dau dang thuc khi a = b = c = 1. 
Vi du 2: Cho a,b,c la cac sokhong am. Chung minh rang: 

( a 4 +b 4 +c 4 )(ab +be+ ca) > ( a 2 +b 2 +c 2 )(a 2 b 2 +b 2 c 2 +c 2 a 2 ) 


Loi giai: 

Khong mat tinh tong quat chuan hoa q = 1. Khi do bat dang thuc da cho trb thanh: 

( p 4 - 4p 2 q + 2 q 2 +4pr)q > (p 2 - 2q)(q 2 - 2 pr) 

<^> p 4 —5p 2 +4 + 2p 3 r > 0 

Theo bat dang thuc Schur ta co: p 4 -5p 2 q + 4q 2 +6pr > 0 p 4 -5 p 2 +4 + 6 pr > 0 

Lai co p 2 >3q = 3, nen p 4 -5p 2 +4 + 2p 3 r = (p 4 -5p 2 +4 + 6 pr) + 2pr(p 2 -3)>0 
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Vay bat dang thirc dirge chirng minh. Dau dang thirc khi a = b = c = lhoac 
a = b,c = 0 cung cac hoan vi hoac aeD + bat ki, Z? = c = 0 cung cac hoan vi. 

Vi du 3: Clio cac so thirc dirong a,b,c thoaman a+b+c = 3. Chung minh rang: 


3+ J!>5(I + I + i) 
abc a b c 


Loi Giai: Bien doi ve dang pqr ta co 3r+12 > 5 q 


Iheo bat dang thirc Shur ta co 3r > 


3p(4q-p 2 ) 


= 4q-9 


Do do ta can chirng minh 4g-9+12>5g<^>g<3 (dung do 3 q< p 2 =9) 
Vay ta co dieu phai chung minh. Dau dang thirc xay rakhi a=b = c = 1. 


Vi du 4: Cho a,b,c> 0. Chirng minh: 


a +b +c 


+ 9 (ab + bc + ca ) 
(a + b)(b + c)(c + a) a 2 +b 2 +c 2 


>5 


Loi Giai; Chuyen bat dang thirc can chung minh ve dang pqr va chuan hoa p = 1 

q 


, , l-3p + 3r 

taco -—-1-9 

q-r 


>5 <=> — + —^—>8 (*) 
1-2 q q 1-2 q 


Ta thdy : —+ ——^ = 2 + ^——^ + ——^>2+2>/9 =8 
q l-2q q 1-2 q 


Vay ta co dieu phai chung minh. Dau dang thirc xay ra khi (a,b,c) = ( ^ x, x, 0) 

3-^5 

hoac ( a,b,c) = ( ——— x,x,0) va cac hoan vi. 

Nhan xet: Ta thay nhung loi giai tren het sire ngan gon va lai rat ro rang chinh xac. 
Day chinh la mot phirong phap manh trong viec chung minh bat dang thirc doi xung 
3 bien. Chung ta se tiep tuc voi nhung vi du kho hon. 

Vi du 5: Cho x, y, z > 0 . Chung minh rang: 


^ + ^ + ^ + ^<VtZ)<Z±i)g±V>5 (1) 

y + z z + x x+y x+y+z 
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Loi giai: 

Khong mat tinh tong quat gia sir p = l. Bien doi ve dang pqr ta co (1) terong derong 


l-2q + 3r 4 (q-r) l-3g + 4r 4 (q-r) 

q-r \-3q + 3r q-r l-3q + 3r 

Ta thay: 

l-3g + 4r | 4 {q-r) ^ l-3q + 4r ^ 4 {q-r) l l-3q + 4r 4(q-r) 

q-r \-3q + 3r q-r \-3q + 4r q-r \-3q + 4r 

Vay ta co dieuphai chung minh. Dau dang there xay rakhi x=y = z = ^ 

1.3. M&rpng phieang phap pqr kethpp ham so 

Ta co cac bo d6 sau: 

*Bo de 1: (bat dang there schur) \/a,b,c >0 thi r > P 

*Bo de 2: Ma,b,c e R thi ton tai cac so there x 0 ;y 0 ; x,; y x sao cho: 

p = a + b + c = 2x 0 + y 0 = 2x t + y { 

q = ab + bc + ca = xl + 2x 0 y 0 = x,^ + 2x 1 y 1 

r\ 

x z yQ<r = abc<xi yj 

Ngoai raneu a,b,c >0 thi x 0 ,x l ,y 1 >0 . Trong do: 

+Neu p 2 > 4q thi y 0 < 0. 

+Neu p 2 < 4q thi y 0 > 0. 

Vi du 1: Cho a,b,c> 0 thoa a 2 +b 2 +c 2 -a+b+c . Chung minh rang: 

ab+bc+ca> a 2 b 2 + b 2 c 2 + c 2 a 
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Loi giai: 

Ta co bat dang there can chemg minh tuong dirang vai: 


(.ab + bc + ca ) 


*2 .1,2 .,.2 


> a b~ + b c +c~a 


Do 2 ve cua hai bat dang there nay dong a nen khong mat tinh tong quat, ta co the 
gia ser a+b+c = l. Dat q = ab+bc+ca, r = abc ^>0<q<^ . Khi do, bat dang there 
can chemg minh tro thanh: 


q.(l-2q) >q -2r(*) 
f (r) = 18r + 9q(4q - X)(q - \) >0 

-Truong hop 1 : 4q < 1 thi (*) hien nhien dung. 


' , 4q-l 

-Truong hop 2 :4q > 1, the thi theo bo de 1, ta co: r > —-— > 0 


Do do 

f(r) = 18r+9q(4q-l)(q-l) > 2(4q -1)+ 9q(4q -\)(q -1) = (4q - 1)(2 - 3q)(l - 3q) > 0 


=>(*) dung (d.p.c.m) 

Vi du 2: Cho a,b,c> 0 th6amana+&-i-c = 3. Chung minh rang: 

n , , s a b a ^ 3 
a+bc b + ac a+bc 2 


Loi giai: 

Dat q = ab+bc+ca, r = abc =>0<q<3 . Ta cobat dang there tuong duong voi: 
3r 2 +2r(6-4)<0 

Theo bode(l) ,taco: 3r 2 + 2r(6-q)-q 2 <3(xfy l ) 2 + (xfy l )(6-q)-q 2 
Do do, de chemg minh bat dang there da cho, ta can chemg minh : 

3(xf y x ) 2 + (xf y x )(6 - q) - q 2 < 0 
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2 

>-- 

Xj + 1 


_A_ 


Q ^ + 4 >. >1 

y,+l yf-2y,+9 2 

o(y\-l) 2 (3-yO>0 

Hien nhien dung, do do ta co dieu phai chung minh. 

Dang thuc xay rakhi a=b = c hoac a = 3,& = c = 0cung cachoan vi. 

2. Bai tap tu giai 

1, Cho a,b,c> 0 Chung minh rang —— + —— + + ^ a bc _ > 2 


b+c a + c a+b 2 (a+b+c) 


Hirong dan: 


Ta se chung minh bat dang thuc manh hon la ( a + ^ + c ) + > 4 


That vay, Chuan ho a r = 1 . Ta co 
(a + b + c) 2 3yjabc 


ab + bc + ca a + b + c 


>4<^> P > 4 jr l 3q>4pq 


ab+bc + ca a + b + c q p 

Ta chung minh duoc q>3 ket hop bat dang thuc Schur ta co dpcm. 

2, Chung minh rang neu a,b,c la cac so thuc duong va a 4 +b 4 +c 4 =3 thi 
1 1 1 


4-ab 4-be 4-ca 


-<1 


Huong dan: 

Quy dong mau so roi khai trien,ta can chung minh: 

49 - 8 (ab + bc + ca) + (a + b + c)abc < 64 -16 (ab + bc + ca) + 4 (a + b + c)abc -a 2 b 2 c 2 
<=> 16 + 3(a + b + c)abc > a 2 b 2 c 2 + 8 (ab + bc + ca) 

Ap dung bat dang thuc Schur va gia thiet a 4 +b 4 +c 4 =3 ,ta co: 
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(a 3 + b 3 + c 3 + 3abc)(a + b + c)> (ab(a + b) + bc(b + c) + ca(c + a))(a + b + c) 

<=> 3 + 3 abc(a + b + c)> (ab + be) 2 + (be + ca) 2 + ( ca + ab) 2 
Ap dung BDT AM-GM,ta co: 

(ab + be) 2 + (be + ca) 2 + (ca + ab) 2 +12 > 8 (ab +bc + ca) 
^>15+3abc(a+b+c)>8(ab+bc+ca) 

Mat khac ta lai co: 1 >a 2 b 2 c 2 ^ Vay ta co dpem. 

3, Cho a,b,c la cac so there khong am thoa man ab+bc + ca = 3. Chung minh bat 
dang there: a 3 +b 3 +c 3 + labc >10 

Huong dan: 


Ap dung BDT Schur,ta co: 

a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a) 

<=> a 3 +b 3 + c 3 + 6abc > (ab + bc + ca)(a + b + c) = pq = 3p 

^ r > P(4^~p 2 ) _ p( 12 -p 2 ) 

9 9 


Ta c3n chiing minh: 3p+ ^ A 10 


Bat dang there cuoi hien nhien dung nen ta co dpem. 
Dang there xay rakhi a = b = c = 1 . 


4, Cho a,b,c la cac so there khong am thoa man a + b + c = 3 .Cherng minh rang: 


a 2 b + b 2 c + c 2 a < 
4-bc 4 -ca 4 -ab 

Huong dan: 


Quy dong mau so roi khai trien,ta can chrmg minh: 


4 -'Za 2 b>'Z 


abc 


4 -be 

Ser dung bat dang thuc quen biet ,ta co: 

i>£— 

4 -be 


> 64-32^ctb + %^ja 2 bc + 4^1a 2 b 2 > abc(^,a 2 b +abc) 
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Tiep tuc sir dung bat dang thuc tren,ta can chung minh: 

64 - 32 ^ab + sTa 2 be + ^Ta 2 b 2 > 4abc 
hay 16-Sq + q 2 -r > 0 

voi q — ab+bc+ca, r — abc. Ap dung BDT AM-GM, tacog 2 >9 r nen can chung 
minh: 

\6-%q + q z -^>0o(q-3)(q-6)>Q 

Bat dang thuc cuoi hien nhien dung nen ta co dpem. 

Dang thuc xay rakhi a = & = c = 1 hoac a = 2 ,Z? = l,c = 0 va cac hoan vi. 

5, Cho x, y, z > 0 .Chung minh rang 


1113* 3y 3z 

- + — + -> —z -+ —+ ^- 

x y z x +2yz y +2 zx z +2xy 

Huong dan: 


Dat a = -,b = — ,c = - bat dang thuc can chung minh tuong duong vai 

■v y z 

y\a>3abcT — y- -;—— >0 <=> 3 ^— y~ - >^<2 

^ In 2 -l.hr Or 2 -!-hr Or 2 -!-hr ^ 


Ap dung BDT Cauchy-Schwarz,ta co T—y -> 


2a +bc 

(Ta 2 ) 2 


2a" + be 2 T a 3 + 3 abc 


Den day tacan chung minh 3 (Ta 2 ) 2 > (^a)(2Ta 3 +3abc) 
Gia su a+b + c = \ chuyen ve dang pqr BDT trdthanh 
3(1 - 2q) 2 >2-6q + 9r 
TCr q 2 > 3r ta co: 

3(1 - 2q) 2 >2-6q + 3q 2 

<=^> 3 — 12 q + 12 q 2 >2-6q + 3q 2 

O(l-3q) 2 >0 


6 , Cho a,b,c>0 va a+b+c = 1. Chung minh rang: 

ab+bc + ca>si^a 2 +I6abc II ^ a 2 b 2 
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Hirong dan: 


Bat q = ab+bc+ca , r = abc ^>q,r >0 va q< 


1 

3 


Do do theo bat dang tlitre Schur: 


r > 


4 q — 1 

——. Ttr each dat, ta co: 
9 


a 2 b 2 = q 2 -2r 

Z* 2 =l-2q 


Do do bat dang there can chtmg minh trd tha nh 

q > 8 (q 2 - 2r)(16r +1 - 2q) 

of(r) = 8(2 r -q 2 )(\6r + \-2q) + q>0 

Ta co: f\r) = 6(32r-(4^-l)(2^+l)) 


Co hai trerong hop xay ra : 

TH1: 1 > Aq => / \r) > 0 => f(f) la ham dong bien Vr > 0 


TH2: l<4q r> ~~~ ^ 0 . Dodo: 


f\ r ) = 6(32r - (4q - l)(2q +1)) > 6 


32(4 g -l) 


-(4q-\)(2q + \) 


)■ 


2(4^-l)(23-18 g ). 


do vay /(r) la ham dong bien voi moi r > 0 do do /(r) > /(0) = ^r(4^r -1) 2 > 0 . 
7, Cho a,b,c la cac so there khong am thoa man a 3 +b 3 +c 3 = 3 .Chtmg minh rang: 


a 4 a 4 +b 4 c 4 +c 4 a 4 < 3 

8, Cho a,b,c la cac so there khong am. Chtmg minh rang: 

a 2 +b 2 + c 2 + 2abc +1 > 2(ab + bc + ca) 

9. Cho a,b,c la cac so there khong am thoa man a +b 2 +c 2 = 3 
Chtmg minh rang: 12+9abc > 7(ab+be+ca) 
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10, Cho 3 so thrrc dirong a,b,c . Chung minh rang 
1 1 1 


<3 


a 2 -a+l b 2 -b+ 1 c 2 -c+l 

11, Chung minh rang voi cac so thrrc a,b,c thoa man a 2 + b 2 + c 2 = 9 , ta co: 

2(a + b +c) - abc < 10 

12, Cho a,b,c la cac so thrrc dirong thoa man abc = 1 . Chung minh rang: 

! + 6 

a+b + c ab+bc+ca 

13, Cho a,b,c la cac so thrrc dirong thoa man abc = 1 .Chrrng minh rang: 

2 (a 2 +b 2 +c 2 ) + 12 > 3(a + b + c) + 3 (ab + bc + ca ) 
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PHlTONG PHAP PHAN TICH TONG BINH PHUONG S.O.S 


(SUM OF SQUARE) 


Tran Thanh Binh 

PHlTONG PHAP PHAN TIC 11 TONG BINH PHlTONG S.O.S 
(SUM OF SQUARE) 


Chac han rang day khong con la mot phirong phap qua xa la so vbi cac ban IHPT, 
Dai hoc hien nay, bbi no da dupe gibi thieu kha nhieu trong cac tai lieu bat dang 
thuc hay. Viec giai cac bat dang thuc doi xung 3 bien xuat hien rat nhieu trong cac 
ki thi HSG dia phuong, cung nhu quoc gia, quoc te va luon la cau phan loai. De 
giai dupe cac bai toan ay doi hoi mot tri tue sang tao tuyet vbi, cung nhu cac ki 
thuat ma khong phai ai cung biet. Nhung voi SOS chi can mot vai buoc bien doi 
cung voi viec sir dung tieu chuan mot each kheo leo thi phan Ion cac bat dang thuc 
3 bien de nam trong kha nang cua ban. Chung ta se di tim hieu sue manh cung nhu 
each srr dung phuong phap nay ngay sau day. 

1. Ly thuyet va vl du 

1.1 Binh ly va cac ki thuat phan tlch 

Nhu da noi b tren, quan trong nhat trong phuong phap nay chinh la ki thuat phan 
tich. Chung ta se bien doi va dua bat dang thuc ve dang 
S a (b-c) 2 +S h (c-a) 2 +S c (a-b ) 2 >0 . (*) 

Vay cau hoi dat ra la: 1, Co phai vbi bai toan nao cung co the phan tich ve dang tren 
khong? 

2, Lam the nao de phan tich dupe nhu vay? 

Xin tra lbi la: 
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1, Moi da thuc hay phan thuc doi xung 3 bien ( da so khong chua can) deu co kha 
nang phan tich ve dang (*), dieunay da dirge chung minh trong cuon "Sang tao bat 
dang thuc cua Pham Kim Hung". 

2, Day co le la van de cac ban thac mac nhat: Be giai quyet van de nay , toi xin trinh 
bay mot dinh ly quan trong sau: 


Binh Ly :Gia sir rang M ( a,b,c),N ( a,b,c ) la 2 da thuc nira doi xung ba bien, hon 

^ . r 1 ,, ,, X M (a,b,c) „ , i r 

nua voi moi so thuc duongx thi phan so —) -f = t , trong do t la mot hang so. 

N[a,b,c) 

Khi do ton tai mot ham so nua doi xung 3 bien G(a,b,c) sao cho 


F(a,b,c ) 


M ( a,b,c ) 
N[a,b,c ) 


M ( b,c,a ) 
N(b,c,a ) 


M ( c,a,b ) 
N(c,a,b) 


-3 1 = G(a,b,c)(b-c) 2 +G(b,c,a)(c-a) 2 


G(c,a,b)( 


Tu dinh ly do chung ta co mot ki thuat la tinh gia tri tai dau bang cua cac phan thuc 
doi xung, sau do tru di dung gia tri vua tim duoc thi chac chan phan thuc da cho 
hoan toan phan tich duoc dang co ban (*) 


Mot so vi du phan tich: 

Vi Du 1 : (Bat dang thuc Nesbitt) Cho a,b,c la cac so thuc duong. Chung minh 
rdng: 

+ c > 3 
b + c c+a a+b 2 

Loi giai: 


a + b + c > 3 
b + c c + a a+b 2 


a 1 + ^_ 1 + c 1 >q 

b + c 2 c+a 2 a+b 2 


- 125 - 




>0 


a-b+a-c b-a+b-c c-a+c-b 
2 (b + c) 2 (c + a) 2 [a + b) 

—— 1>0 

^2 V \b + c c + aj 


Q ly ( a -») 2 

2^(Z? + c)(c + a) 


>0 


Luon dung voi moi a,b,c duang. Dau dang thuc xay rakhi a = b = c. 


Nhan xet: Bat dang thuc Nesbitt la mot bat dang thuc qua quen thuoc, nhung qua 
each giai tren phan nao cac ban cung co the thay ve dep trong each phan tlch ve 
dang (*). Tiep theo chung ta se xet mot vl du khac kho hon va cung ung dung each 
phan tlch tren. 


Vi Du 2: Cho a,b,c la cac so thuc duang. CMR: 

a 2 +bc b 2 +ac c 2 +ab ^ 3 

- T ~^ - - - T — — 

(b + c) (c + a) ( a+b)~ 2 


Loi giai: 

Ta thay dau dang thuc xay ratai a=b = c.. Thay a =b = c vao thi ta tlnh duoc ngay 
a 2 +bc _ b 2 +ac _ c 2 +ab _ 1 
[b + cf (c + a) 2 (a + bf 2 

TCr do ta co phan tlch: 


a 2 +bc b 2 +ac c 2 +ab 3 

- T +-^ +-y>~ 

(b + c ) (c + a)“ ( a+b)~ 2 

a 2 +bc 1 b 2 +ac 1 c 2 +ab 1 

- T — +- T — +- T — >0 

(b + c) 2 (a + c) 2 ( a + b)~ 2 
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a 2 -b 2 + a 2 -c 2 b 2 -a 2 +b 2 -c 2 c 2 -a 2 +c 2 -b 2 


2 (b + c) 2 (a + c)“ 2(b + a) 

^Tj( a ~ b )( a+b )\ 


(b + c) (a + c) 

,2 (a + b)(a + b + c) 

<^y^(a-b) - - — 0 - ^>0 

(b + c) (a + c) 

Bat dang thuc hien nhien dung voi a,b,c> 0. Dau dang thuc xay rakhi a = b = c .. 
Nhan xet: Bai toan tren co mot each giai sir dung bat dang thuc Chebyshev nhu sau: 
Bat dang thuc can chung minh tuong duong vai: 

a 2 -b 2 +a 2 -c 2 b 2 -a 2 +b 2 -c 2 c 2 -a 2 +c 2 -b 2 


2 (b + c) 2 2 (a + c) 2 2 (b + a)~ 

Gia sir a>b>c Khi dota co 2 day don dieucimg chieu 


->0 ( 1 ) 


a 2 -b 2 +a 2 -c 2 >b 2 -a 2 +b 2 -c 2 >c 2 -a 2 +c 2 -b 2 

1 > 1 > 1 
2 (b + c) 2 2 (a + c) 2 2 (b + af 

Ap dung bat dang thuc Chebyshev Ta co ngay 

VT (l) >-(2a 2 -b 2 -c 2 + 2b 2 -c 2 -a 2 + 2c 2 -b 2 -a 2 ) 

6 v ’ 

Vay ta co dieu phai chirng minh. Dau dang thuc xay ra khi a = b = c.. 

Vi Du 3: Cho a,b,c> 0. Chung minh rang: 


(a + b)~ (c + a)~ (a+b)~ 


2Q l 2Z? l 2C | (a-hf+( b ~c) 2 +(c-af 

b + c a + c a + b (a + b + Cf 
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Loi giai: 


Su dung phan tich theo bat dang thuc Nesbitt ta co: 

y 2q 3 _ (a-bf | (b-cf | (c-af 
b + c (a + c)(b + c ) (a + Z?)(a + c) (a + b)(b + c) 

Do do bat dang thuc da cho tuong duong voi 

i a ~ b ) 2 , ( b ~ c ) 2 , ( C ~ Q ) 2 ^ ( a -^) 2 +(^- c ) 2 +( c - q ) 2 

(a + c)(6 + c) (a + b)(a + c) ( a + b)(b + c ) (a + 6 + c) 2 


1 _ 1 

(a + c)(& + c) (a + & + c)“ 


De thay 


Tuong tu 


>!(“-*)' 

(a + c)(& + c) < (a + £ + c)‘ 


> --- > --- 

(a + c)(b + c) (a + b + cf 


_I_>_I—;_I_>_1 

( a + c)(b + a ) (a + fr + c)“ ( b + a)(b + c ) (a + & + c)“ 


Cong lai taco dieuphai chung minh.Dau dang thuc xay rakhi a = b = c.. 

Nhan xet BDT tren co mot each chung minh khac su dung bat dang thuc Cauchy- 
Schwarz va AM-GM nhu sau: 

Bat dang thuc can chung minh tuong duong: 

V 2a ^2 | 3 ( a2+b2+c2 ) 

b + c ( a +b + c) 2 


_ y 2a | 3 6 (ab + bc + ca) 

b + c (a + b + c ) 2 


^^2 a +6 (ab+bc + ca) 
b + c (a + b + c) 2 
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Theo Cauchy-Schwarz ta co 


V 2a 2 ^ (a+b+cf (1) 

b + c ^ab + ac ab+bc+ca 

Mat khac (a+b+cf >3(ab + bc + ca) 

3 (ab + bc + ca) 

=> — - y 2 ^ 1 ( 2 ) 

(a + b + c) 

Ket hap (1)(2) va bdt AM-GM ta co 

^ 2 a + 6 (ab + bc + ca) 
b + c (a + b + cf 

> (a + & + c ) 2 9(ab + bc + ca) 3(ab + bc + ca) 
ab + bc + ca (a + b + cf (a + b + cf 

(a+b+cf 9(ab + bc + ca) ^ $ 
y ab + bc + ca (a + b + cf 

Ta co dieu phai chung minh. Dau dang there khi a=b-c 


Tom lai : Ca 2 vi du tren ngoai each sir dung S.O.S deu co nhung each khac su dung 
bat dang thuc co dien. Ca 2 each giai deu co nhung ve dep rieng cua no va tuy vao 
moi ngudi thi lai co nhung cam nhan khac nhau ve 2 each tren. Nhung cac ban co 
the thay viec chung minh bat dang thuc theo kieu phan tich binh phuong hoan toan 
giai quyet dupe bai toan mot each ngan gon ma khong can su dung mot bat dang 
thuc phu nao, va lai rat tu nhien trong each tu duy. Tren day la phan dau cua ve dep 
trong phuong phap chung minh S.O.S. Tiep theo chung ta se di sau vao timhieu 
phuong phap. 


1.2. Cac tieu chuan va kithuat sap xep bien 

S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 > 0 (*) 
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Voi cac vi du tren, S a ,S b ,S c deu la cac so duong nen viec giai quyet bat dang thuc 
qua de. Nhung khong phai luc nao cung co nhung ket qua hien nhien nhu vay. 

Trong cac trudng hop do, chung ta can sir dung cac tieu chuan cung va each sap xep 
bien de giai quyet tron ven. Ta co cac tieu chuan sau: 

l,Neu S a ,S b ,S c >0 thi(*)dung. 


2, Neu a>b>c\ a S b ;S b +S c ;S b +S a > 0 thi(*)dung. 

3, Neu a>b>c \ a S a \S c -,S a +2S b ;S c +2S b >0 thi(*)dung. 

4, Neu a>b>c\ a S b ;S c ;a 2 .S b +b 2 .S a > 0 thi(*)dung. 

5, N6u S a +S b +S c > 0 va S a S h + S b S c + S c S a > 0 thi (*) dung. 
Sau day la mot so vi du khac: 

Vi Du 4: Cho a,b,c> 0. Chung minh rang: 

8(a + ^ + c) 2 | 3(o+^+c)(c + fl) ^ 48 
a 2 +b 2 + c 2 abc 


Loi giai 

Phan tich quen thuoc ta co: 

8(a + ^ + c) 2 | 3(a + b)(b+c)(c + a) ^^ 
a 2 +b 2 +c 2 abc 


(a + b + c) 2 


+ 3 | ( a + fc )( fc + C )( C+a ) - 8 |> 0 




(a-bf +(b-c) 2 + (c-a) 2 
a 2 +b 2 +c 2 


a(b-c) 2 +b(c-af +c{a-by 
abc 


>T(b- C ) 2 — -x ^ - 2 - 0 

’ |_be a +b~+c 2 _ 
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<=>(&- cf S a +(c-af S b + (a- by S c > 0 


Trong do 




3 8 

be a 2 +b 2 +c 2 ’ 


S h = 


3 _ 

ac 


8 

a 2 +b 2 +c 2 ’ 


S c = 


3 8 

ab a 2 +b 2 +c 2 


Gia sir a>b>c, suy ra S a >S b > S c 
Lai co 

s _ 3 8 _ 3(a 2 +b 2 +c 2 )-8ac ^ 3(a 2 + 2c 2 )-8ac ^ 3.2.yj2.ac-&ac ^ Q 

b ac a 2 +b 2 + c 2 ac(a 2 +b 2 +c 2 ) ac(a 2 +& 2 +c 2 ) ac(a 2 +& 2 + c 2 ) 

=> S a > S b > 0 


Theo tieu chuan 2, Neu a>b>c v a S b \S b +S c \S b +S a >0 thi (*) dung 
Ta chi can chung minh S c + S h > 0 
That vay, tathay: 

5 +S - 3 f 1 i 1 I 16 ^ 12 16 - 16 

e b \ab acJ a 2 +b 2 + c 2 a(b + c ) a 2 +b 2 + c 2 y/2 ,a(b + c) a 2 +b 2 + c 2 

^ 24^2 _ 16 > 12V2 _ 16 

2a 2 +(Z? + c ) 2 a 2 +b 2 +c 2 a 2 +b 2 +c 2 a 2 +b 2 +c 2 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay rakhi a=b = c. 


Vi Du 5: Cho a,b,c duong chung minh 
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2 be 2 ac lab a 2 +b 2 +c 2 ^5 , ,. 

-7 +-7 +- t +->- ( 1 ) 

(b + c) (a + c)" (a + b)~ ab + bc + ca 2 


Loi giai: 

Ta co 


... 2bc 1 lac 1 lab 1 a 2 +Z? 2 +c 2 . _ 

(l)<ei>- - — +- - — +- - — +-1>0 

(b + c) 2 ( a + c)~ 2 ( a + b ) 2 ab + bc + ca 


(a-bf + (b-cf + (c-af (b-c)~ ( c-af ( a-b ) 2 

2(a6 + Z?c + ca) 2(6 + c) 2 2(a + c) 2 2(Z? + a) 2 


ab + bc + ca (b + a) 


Khido 

=- 1 -=- 1 -;S C =- 1 - 

ab + bc + ca (b + c) ab+bc + ca (a + c) ab + bc + ca (a + b) 

Gia su a > b > c khi do S c > S b > S a 

Ta thay : 


(a + c) 


a +ac + ac 


(a + c) 


^S c >S b > 0 


Theo tieuchuan 4, Neu a>b>c va S b ;S c ;a 2 .S b +b 2 .S a >0 thi (*)dung. 
Ta chi can chung minh a 2 -S b +b 2 .S a > 0. 

That vay: 


a ,S h +b .S a >0 oa~ 


ab + bc + ca (a + c) 


(b +c y 
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>0 


a 2 +c 2 +ac- be- ab 
(ab + bc + ca)(a + cf 


b 2 +c 2 + be- ab- ca ) 
(ab + bc + ca)(b + cf 


c 2 a 2 b 2 c 2 a 2 (a-b)(a + c) b 2 (a-b)(b + c) ^ 


(a + c) (b + c ) (a + c) 


(Z? + c 


c 2 a 2 Zrc 2 , . x 

2 + t:—: r + («-*) 


(a + c ) 2 (Z? + c ) 2 [(a + c) (fr + c) 


(a + c) (b + c) 


±(a-b) 2 


ab + bc + ca 
(a + c)(b + c) 


Bat dang there cuoi luon dung. Vay ta co DPCM. Dau dang there xay ra khi a=b = c 

NX: Viec ser dung cac tieu chuan trong 2 vi du tren da khang dinh vai tro cua S.O.S. 
Voi cac so S a ,S b ,S c trong do tontai 1 so am thi tieu chuan chinh la cong cu dehoan 
thien viec chemg minh mot bat dang there. Co the noi rang, neu bat dang there can 
chemg minh la dung thi luon ton tai each ser dung 1 trong 6 tieu chuan da noi de 
chemg minh. Vi vay viec con lai la ren luyen Id nang phan tich va ser dung cac bat 
dang there phu don gian de chemg minh tieu chuan. 

Be ket there phan ser dung tieu chuan, ta se giai mot bat dang there kho sau. 

Vi Du 7: Cho a,b,c la cac so there duong. Chung minh rang: 


(a + &+c ) 6 >^-^-abc(a 3 +b 3 +c 3 +2abc) 


Loi giai: 

Chuyen bat dang thuc da cho ve dang phan thuc dong bac va ser dung phan tich tong 
binh phuong, ta co: 

( a+b+cf > ^-^-abc(a 3 +b 3 +c 3 + 2abc) 
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(a + b + c) 3 729 a 3 +b 3 + c 3 +2abc ^ _ 

<^> --— >-.-> 0 

5 ( a + b + cf 


^ (a + b + cf 
abc 


- 27 > 27 


27 a 3 + Z? 3 + c 3 + 2aZ?c 
5 (a + b + cf 


^ Z( b ~ c ) 2 


la + b + c 
abc 


54 llb + llc-4a 
5 ( a+b+cf 


Khi do ta co: 


S a = 


la+b+c 

abc 


54 llb + llc -4a 
5 (a + b + c ) 


; S b ;S c tuong t\r. 


Gia sir a>b>c Khi do S a > S b > S c . 

Iheo tieu chuan 2, neu ta chi ra dirge S b +S c > 0 thi co the suy ra S b > 0 va ter do ta 
cung co S a > S b > 0; S a + S b > 0. That vay: 

S b + S c > 0<=> 5(a + b + c) 3 (a + 4b + 4c)-27 abc(22a + 7b + 7c)>0 

Theo bat dang thuc AM-GM, ta co 

5(a+b + c) 3 (a + 4b + 4c)-27abc(22a + 7b + 7c) 

> 5.4 a(b + c)(a + b + c)(a + 4b + 4c)~27abc{22a + 7b + 7c) 

> 80aZ?c.^—.(a + Z? + c)(a + 4Z? + 4c)-27aZ?c(22a + 7Z? + 7c) 

= abc j^80. —— . (a + Z? + c) (a + 4Z? + 4c) - 27 (22 a + 7 b + 7c) j 

Do bat dang thirc thuan nhat cho a,b,c nen ta hoan toan co the chuan hoa 
a+b+c = 3. Khi do viec chirng minh hoan tat neu ta chi ra dirge 

80.—,(a+Z> + c)(a + 4Z>+4c)-27(22a + 7Z>+7c)>0 
b+c 

^80.^—,3[3 + 3(3-a)]-27(7.3 + 15a)>0 
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^45a 2 -152a + 131 >0 


Bat dang thuc cuoi dung. Vay S h + S c > 0. Suy ra dpcm. Dau dang thuc khi va chi 
khi a=b = c. 

1.3. Uhg dung tint hang so k tot nhat 

Ngoai viec de chung minh bat dang thuc doixung 3 bien voi cac he so co sin, S.O.S 
con co the giai quyet mot lop cac bai toan kho tim hang so k tot nhat, cung nhu sang 
tao, lam manh them cac bat dang thuc doi xung 3 bien. 

Ta se xet vi du 


Vi Du 8 : Cho a,b,c> 0. Tim hang so k Ion nhat cho bat dang thuc sau dung: 


/ , Yl 1 l3 , ab + bc + ca^- , 

(a+b + c)\ - + - + - \ + k.- r — i - r >9 + k (1) 

\a b cj a + b~+c 


Loi giai: 

Ta co: 


(a + b + 


e 


1 3 , ab + be + ca ^ n , 

- \ + k.— -j- Y~ 9 + k 

c J a~ + b +c 


> 2 >- 


be 2 (a 2 +b 2 +c 2 ^ 


>0(*) 


Ta co: 


S a 


1 _Jk = i_ k . s = i_ k 

be 2(a 2 +b 2 +c 2 y b ac 2(a 2 +& 2 +c 2 )’ c ba 2(a 2 +& 2 +c 2 ) 


Tiep theo ta se cho dieu kien dau '=' xay ra cua BDT la b = c^ a 
Khi do (*) dung khi va chi khi 
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2 {a-by 


1 k 

ab 2[a 2 +2b 2 ) 

k 


>0 


ab 2{a 2 + 2b 2 ) 
>2[a 2 + 2b 2 )-kab>0 


<=> 2iH- k>0o2t 2 -kt + 4>0 

t 

Voi t=~; Be BDT cuoi dung vai moi t, thi k 2 -4.4.2 < 0 <=> k < 4yf2 
b 

Ta se chung minh BBT dung vai k = 4y[2. Khi do gia su a>b>c=>S a >S h >S c 
Ta thay: 

1 1 4^/2 (b + c){a 2 +b 2 +c 2> )-4yf2.abc 

b ac ab ( a 2 + b 2 + c 2 ) abc[a 2 +b 2 + c 2 ) 

2y/bc(a 2 +2bc)-4\f2abc 2(a-^2bc) 

>--tv-=- 

abcla +b +c ) abcla +b~+c~) 

Vay theo tieu chuan 2 ta co dpcm. Dau dang thuc xay ra khi a = ~j2b = y/2c .Hang so 
k Ion nhat la 4^2 . 


NX: Chac han cac ban se phat hien ra ngay, viec lam tren chinh la each lam manh 

bat dang thuc quen thuoc (a+b+c)\ — + - + - | > 9, tu do ta da sang tao rieng cho 
\a be) 

ban than mot bat dang thuc dep va chat hon so voi bai toan goc. Bay chinh la mot 
sue manh dac biet cua S.O.S ma khong phai phuong phap nao cung co. 

2. Bai tap tu* giai 

l,Cho a,Z?,c>0.CMR: 
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54 abc 


a 3 +b i +c 3 
3 abc 


(a + b + c) 


>5 


Huong dan: 

Lam tuong tir VD4: 


a 3 + b 3 +c 3 
3abc 


54abc 
(a+b + cf 


-5 <=> ^(c-a) 2 


a + b + c 
2 abc 


Ib + c + a 
(a + b + cf 


>0 


Sau do lam tiep theo tieu chuan 1. 


2, Cho a,b,c> 0 thoa man abc = 1. CMR: 

111 3 ,( 1 1 1 3 2 

-1-1-— — — J ~ - T 

abc a + b + c {a b c )a~ +b +c“ 


Huong dan: 

BDT da cho tuong dirong voi 


2 (a 2 b 2 +b\ 


o ab+bc+ca- 


9 abc 
a+b+c 


2 (a 2 b 2 +b 2 c 2 + c 2 a 2 ) 
a 2 +b 2 +c 2 


6abc 
a+b + c 


<=> ^ (& - c) 2 a(c 2 +b 2 + 2 be -ca-a b)> 0 
Sau do ap dung tieu chuan 4 voi a>b>c 

a 2 S b + b 2 S a > 0 <=> ab ^(a - bf (a + b) + 2c (a 2 + b 2 - ab) + c [a 2 + b 2 )J > 0 
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3, Cho a,b,c> 0. Chung minh rang: 

tf_ c \ 3(q 3 +^ 3 +c 3 ) 
b c a a 2 +b 2 +c 2 


Huang dan: 

Bat dang thirc da cho tuang duang vai 

yfa 2a l b )^ 3 ( a3+b3+c3 )-( a2+b2+c2 X a+b + c ) 

^\b J a 2 +b 2 +c 2 




| b{a 2 +b 2 + c 2 ) J 

* Neu a>b>c chung minh S c + 2S b >0 va sir dung tieu chuan 3 

* Neu c>b>a chung minh S b +S c > 0 va sir dung tieu chuan 2 

4, Cho cac so thuc duang a,b,c thoa man a 2 +b 2 +c 2 +2abc = 1. CMR: 


- + - + - \(a+b + c + 2)<5 + ^ L - 
a b c J abc 


Huang dan: 

Quy dong va dua v£ dang dathirc, ta co 


- + - + -\a + b + c + 2)<5 + ^ L - 
a b c J abc 


o(a + b + c + 2)(ab + bc + ca)<5abc + 2(a 2 +b 2 +c 2 +2abc^j 
> (a + b + c}(ab + bc + ca)-9abc < 2[a 2 +b 2 +c 2 +2abc}-2(ab + bc + ca)-Aabc 
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<=>(l -a)(b-cf +(\-b)(c-a)~ +(\-c)(a-bf >0 


Ta co: 


S a +S h +S c =3-a-b-c >0 
S a S b + S b S c + S a S c = ab + be + ca + 3 - 2 (a + b + c) > 0 
Va ap dung tieu chuan 5, ta co dpem. 


5, Tim hang so k tot nhat sao cho BDT sau dung voi a;b;c> 0 
a 3 +b 3 +c 3 3(ab + bc + ca) ^3 

(a + &)(a + c)(& + c) ( a+b+cf 8 


Huong dan: 


a 3 +b 3 + c 3 3(ab + bc + ca) ^3 

( a+b)(a + c)(b + c ) (a + b + cf 8 


3 (ab+bc + ca) ^ 
( a+b + cf 


(i a + b)(a + c)(b + c ) 8 

=>£(“~ b ) 


4a + 4b + c 


8 {a+b)(b + c)(c + a) 2 (a + b + cf 
Sau do: thay a = b vao va tim dupe hang so k tot nhat la —. 


Sau do thay ngupc lai va chung minh BDT dung voi k = — 
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4a + 4b + c 


5 


8(a +Z?)(Z? + c)(c + a) 

4 (a + b + cf 

4c + 4a + b 

5 

8 (a+b)(b + c)(c + a) 

4(a + b + c) 2 

4c + 4b + a 

5 


8 (a + Z?)(Z? + c)(c + a) 4 [a + b + c^ 


Gia sir c>b>a^S a >S h >S c 
Khi do ta can chung minh 


Ta thay 

20(a +b)(b + c)(c + a)<5(b + c)(2a +b + c) 2 

Nen chi can chung minh 

(5& + 5c + 8a)(a+& + c) 2 > 5(b + c)(2a + b + cf (1) 

Bat dang thuc (1) thuan nhat voi a,b,c nen co the chuan hoa a+b+c = 1. The vao ta 
co 


5 + 3a > 5(l-a)(l + a) 2 <=> a(5a 2 +5a-2)> 0 (Bung do a>^) 
Vay BBT dirge chung minh. 


6, Cho a,b,c>Osao cho ab+bc+ca ^O.CMR: 

1 1 1 (a + b + c ) 2 

a 2 +bc b 2 +ca c 2 +ab l(a 2 +b 2 +c 2 ^(ab + bc + ca) 
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7, Cho a,b,c> Othoa ab +bc +ca = 1. CMR 



b c a 


2(a 2 +b 2 +c 2 )>j3-2 


Huong dan: 



b c a 


2(a 2 +b 2 +c 2 )>yf3-2 


^ H ( a ~ b ) 7 


b 2(a + b + c + yj3^ 


Sau do sir dung tieu chuan 5 de chung minh bat dang thuc. 

3. Mb’ rong 

Co the noi day chinh la mot tai lieu huu ich cho cac ban khi nghien cuu ve 
phuong phap phan tich tong binh phuong S.O.S. Mot phuong phap manh trong viec 
giai cac bai toan doi xung 3 bien, cac bai toan tim hang s6 toi uu. Nhung tat ca cac 
phuong phap deu co diem manh va diem yeu cua no. S.O.S cung khong ngoai le. Ve 
diem manh da dupe chung ta phan tich b tren, con ve diem yeu cua S.O.S chinh la 
cac BDT chua can va cac bat dang thuc hoan vi vong quanh. Boi vbi cac bat dang 
thuc chua can thi phai co them 1 bubc true can thuc de hinh thanh nhan tu, dieu nay 
lam cho S a ,S h ,S c rat cong kenh va kho giai quyet. Boi voi cac bat dang thuc hoan 
vi vong quanh cung vay. Vi the, tren ca so cua phuong phap S.O.S , ngubi ta tim 
phap ket hop S.O.S vbi bat dang thuc Schur),.... 

Ngoai ra ki nang phan tich S.O.S con tham gia vao cac phuong phap chung 
minh BBT khac va trb thanh ki nang can co trong viec giai bat dang thuc. Nhu cac 
phuong phap Bien doi tuong duong, phuong phap Bon bien, phuong phap tiep 
tuyen, UCT,.... Viec nam bat va van dung tot S.O.S la rat quan trong. Ngoai sue 
manh chung minh bat dang thuc doi xung 3 bien, no con giup ban hoan thien cac 
phuong phap chung minh khac, gop phan sang tao hon trong kho tang bat dang thuc 
cua the gibi. 
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Sir DUNG PHlTONG PHAP S.O.S TRONG CHlTNG MINH 
bAtdang THtTC 


Dang Ngoc Tuan 

1. Loi noi dau 

S.O.S la mot phuong phap chung minh kha hieu qua trong nhung bat dang 
thuc ba bien, no lam chung ta bat ngb bbi each giai doc dao , ma co the nhung each 
giai khac khong the chung minh duoc. Bay gib chung ta hay di kham pha ve dep 
cuaphuong phap nay. 

2. Xay dung dinh If, tieuchuan 

Xet bieu thuc: 

S = f(a,b, c) = S a (b - cf + S b (c - a) 2 + S c (a -bf (*) 

De chung minh S >0 , don gian nhat la ca ba bieu thuc S a ,S b ,S c deu khong 
am , nhung dinh li S.O.S con giup ta giai quyet duoc van de ngay ca khi mot hoac 
hai trong ba bieu thuc S a ,S b ,S c la am , hoac kho danh gia duoc dau cua chung. Khi 
do chi can thoa man mot trong cac tieu chuan sau thi (*) duoc chung minh hoan 
toan 

1. S a ,S b ,S c > 0 

2. a>b>c‘,S h >0,S b +S a >0,S h +S c >0 

3. a>b>c;S a >0,S C >0,S a + 2S b >0,S C + 2S b > 0 

4. a>b>c;S b >0,S C >0,a 2 S b +b 2 S a >0 

5. s a +s b + s c >o-,s a s b + s b s c +s c s a >o 

6. a<b<c,S b >0,S b + S c >0,S a + S b >0 

Mot so dang thuc lien he giua S a ,S b ,S c de de dang thuc hien cac tieu chuan: 
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2 [S a (b - cf + S b (c - af + S c (a - bf ] (S fl + S b + S c ) 
=[(fl - c)S b - (a - b).S c ] 2 + [(b- a)S b -(b- c)S a ]* 
+[(c-b)S a -(c-a)S h ] 2 

+2(S , a S , i +S b S c +S c S a )(a 2 +b 2 +c 2 -ab-bc-caj 


S a (b - cf +S b (c- af + S c (a -bf 


[(a -c)S b -(a- b)S c f +(b- cf (S a S b + S b S c + S c S a ) 

s b +s c 


Bay gio’chung ta nhan duoc nhimg he qua doc dao tircac dang thuc: 

He qua 1 : 

2 [S a (b - cf + S b (c- af +S c (a- bf ] ( S a + S b + S c ) 

> (S a S b + S b S c + S c S a )(a 2 +b 2 +c 2 -ab-bc-ca} 

Voi moi S a ,S b ,S c . 


He qua 2 : 

Neu S a +S b +S c < 0 \S a S b +S b S c +S c S a > 0 khi do bat dang thuc doi chieu, tuc la: 
S = f(a,b,c) = S a (b-cf +S b (c-af +S c (a-bf <0 

3. Phan tich co’so’ 

j a + b + c 3 ( a—b ) 

b + c a + c a+b 2 ~f c 2(a + c)(b + c) 

2. a 3 +b 3 +c 3 -3 abc = ^(a+b + c)[(a-bf + (b-cf + (c-af~^ 


3. 


b 


-2 a+b= 


(' a ~ b f 

b 
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4 . 




- a 2 -b 2 -c 2 = Y, 


ab b 2 c c 2 a , , ^ c(a-b ) 2 

- 1 - 1 - ab-bc-ca = Y - 

cab a 


^r + K + ^j-a 2 ~b 2 -c 2 = Y(a-b) 2 | “+1 
o c" a 


(a 2 +fr 2 +c 2 )f —+ —+ — |-(a + fr + c) 2 =£ 
^ c a 


(a~b) 2 [ 2 (a 2 +bc) + ab ] 
2 ^ 


8 . (a + £ + c)(a& + &c + ca)-9a&c = a(b-c ) 2 + &(c-a ) 2 + c(a -&) 2 

9 a | | A _ 1 f 3 (a-fr)(ft-c)(c-a) > | 

a + & & + c c + a 2 ^ (a+£)(& + c)(c + a)J 

a-b + b-c +c-a _-(a-b)(b- c)(c- a) 
a+b b+c c+a (a+ b)(b+ c)(c+ a) 

Ben canh nhung phan tich ca so nay con rat nhieu phan tich khac ma ban doc co the 
tim thay trong qua trinh giai to an. 

4. Cac ung dung cua phuong phap S.O.S 

Bai toan 1 : Cho a,b,c la cac so thirc dirong a,b,c. Chung minh rang: 

4a + Ab + 4c + ab 2 +bc 2 +ca 2 +abc > ^ 
a + b b + c c + a a 2 b+b 2 c + c 2 a + abc 

Loi giai: Iheo each phan tich co so 3 va 5 bat dang thuc dupe viet lai thanh: 


3 ^ ab 2 +bc 2 +ca 2 +abc 


a + b b + c c + a 2) a b + b c + c a + abc 


1>0 


a b + b c + c a+abc (a + b)(b + c)(c + a) 

(. a - b)(b - c)(c - a) [(a + b)(b + c)(c + a) - 2 (a 2 b + b 2 c + c 2 a + aZ?c)] 
( 1 a 2 b + b 2 c + c 2 a + abc){a + b)(b + c)(c + a) 

> _ [(a-b)(b-c)(c-a)f _ >Q 

(a 2 b + b 2 c + c 2 a + abc)(a + b){b + c)(c + a) 
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Bat dang thuc hien nhien dung . 


Vat ta co dieuphai chung minh.Dau dang thuc xay ra khi a=b = c. 

Ldi giai tren the nao,cac ban ngac nhien phai khong, qua la thu vi phai 
khong ?, S.O.S lam cho bai toan trd nen don gian hon. Chua dung lai d do , S.O.S 
lai lam cho bai toan tuong chung nhu khong giai duoc thanh bai toan don gian chi 
qua mot so phep danh gia thong thuong. 

Bai toan 2 . Cho cac so thuc duong a,b,c Chung minh rang: 

a 2 + b 2 + c 2 3 2 (a 2 b + b 2 c + c 2 a)-abc \ 5 

-1-j=-------=r ^ — 

ab + bc + ca 2\2(ab + be + ca) - abc J 2 
Ldi giai: Do tinh ho an vi nen ta phai xet hai trudng hop: 

TH1: a>b>c : 


Ta co: a +C > 1 nen ta can chung minh: 


2(a 2 b + b 2 c + c 2 a)-abc ^ . 2 , , 2 2 ^ ,2 , -> 2 

------- >1 o a~b + b c + c a>ab +bc +ca 

2 (ab 2 +bc 2 + ca 2 )-abc 


<=> (a—b)(b—c)(a —c)> 0 

Hien nhien dung , dau dang thuc xay ra khi a = b = c. 

TH2: c>b>a. Khi do bat dang thuc duoc viet lai nhu sau: 

(a -b) 2 + (b - c) 2 + (c - a) 2 > 6 (a -b)(b- c)(c - a) 

ab+bc + ca 2(ab 2 + be 2 + ca 2 ) - abc 


Ta co: 

(a - bf + {b - cf + (c- a) 2 _ 2 [(a ~ bf + {b - c) + (c- b)(b - a)] ^ 6 (c - b)(b - a) 
ab+be + ca ab+bc + ca ab+bc+ca 

Do do ta can chung minh 
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ab + bc + ca 2(ab 2 +bc 2 +ca 2 )-abc 

<=> 2 (ab 2 +bc 2 + ca 2 )-abc>(c-a)(ab + bc + ca) 

<=> 2 (ab 2 +bc 2 +ca 2 )-abc-abc-bc 2 -ac 2 +a 2 b + abc + ca 2 > 0 

<=> 2 ab 2 + be 2 + 3 ca 2 - abc + a 2 b - ac 2 > 0 

<=> ba 2 + 2 ab 2 + 2 .ca 2 + ( c 2 b - abc - c 2 a + ca 2 ) > 0 

<=> ba 2 + lab 2 + lea 2 + c(b - a)(c - a) > 0 

Hien nhien dung , dau dang thuc xay ra khi a=Z? = c.Vay bat dang thuc da dugc 
chung minh xong 

Bai toan 3 . Cho a,b,c la cac so thuc duong .Chung minh rang: 


, a 2 b 2 c 2 6(a 2 +b 2 +c 2 ) 

a+b+c + — H-+ — -- 

b c a a+b+c 


2 (a-b) 2 

Loi giai : Ap dung phan tich ca so 3:-2 a+b = — bien doi, bat dang thuc 

b b 

tuong duong voi : 

a ±-2a + b + b 2-2b + c + C l-2c + a> ^^± -2(a + b + c) 
b c a a+b+c 


^■^(a-b) 2 > a 2 +b 2 +c 2 a+b+c 




_ a+b . 0 b + c . _ a+c . 

Dat: S a = -1 , S b = -1 , S c = -1. 

cab 


Ap dung dang there: 




Do do ta chi can chung minh S b +S c > 0 va S a S b + S b S c + S c S a > 0. 


Ta co: 
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\SS h + S h S+SS= 3 + 


a +b + c +3abc-ab(a +b)-bc(b + c)-ca(c +a) v 


ab 


'(H>“ 


Theo bat dang thuc Schur thi : a 3 +b 3 +c 3 + 3 abc - ab(a +b)~bc(b+c)-ca(c+a)> 0 
Vay bat dang thuc duoc chung minh.Dau dang thuc xay ra khi a = b = c. 

Bai toan 4 : Cho a,b,c la cac so thnc duong .Chung minh: 

2 (a 3 +b 3 +c 3 ) 9 (a+b+c) 2 


abc 


o' + b + c 


r> 33 


Bat dang thuc tuong duang vai 

2(a 3 +b 3 +c 3 ) _g + 9(a+b + c) 2 _ 27 >q 
a&c a 2 +b 2 +c 2 


2(a 3 +b 3 +c 3 )-6abc 9(a+b+c) 2 -21(a 2 +b 2 +c 2 ) 

<=> -1-^- t--- > (J 

abc a +b + c~ 

(a+b+c)[(a-b) 2 +(b-c) 2 +(c-a) 2 ] 9\(a-b) 2 +(b-c) 2 +(c-a) 2 ] 

<=>----—--,-^-7-^>0 

abc a~+b +c 

<=> [(« - b) 2 + (b-cf + (c - a) 2 ] ( a + b + c —> 0 (*) 

L J ' v abc a +b +c J 

Theo AM-GM : (a + b + c)(a 2 + b 2 + c 2 ) > 9aZ?c nen (*) hien nhien dung . 

Dau dang thuc xay ra khi a = b = c. 

Bai toan 5 : Cho a,b,c la cac so thuc khong am thoa man a 2 +b 2 +c 2 = 3 .Chung 
mi nh: 


(a-b){b-c)(c-a) + 2> — (ab+bc + ca) 


Loi giai: 

Do (a —b) + (b—c) + (c—a) = 0 nen (a-bf+(b-cf+(c-af = 3(a-b)(b-c)(c-a) 
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Theo bai ra ta cung co: 6 - 2(ab + bc + ca ) = 2 (a 2 + Z ? 2 + c 2 ) - 2(aZ? + be + ca) 

Bat dang there can chung minh tuong duong vai: 

(a -bf + (b - cf + (c - af + 2( a ^ + b^ + c^-ab-bc-ca) > 0 
(a - Z?) 2 (a - Z? +1) + (Z? - c) 2 (Z? - c +1) + (c - a) 2 (c - a +1) > 0 

Bat S a —b~ c+l , S b =c-a +1 , S. = a - Z> +1 

Khi do S a + S b + S c = 3 va: 


S a S h +S b S c + S c S a =ab + ca + bc + 3-a 2 -b 2 -c 2 = ab + bc + ca > 0 
Ter do theo tieu chuan 5 thi bat dang there da dirge chung minh xong. 

Dau dang there xay rakhi a=b = c = \. 

Bai toan 6 : Cho a,b,c la cac so there thoaman: a 2 +b 2 +c 2 +2abc = l. Chemg 
minh : 


(a + b + c + 2) 


<5 + 


2 

abc 


Bai toan nhin qua co ve khong dung cham den S.O.S , mac du dieu kien bai 
toan nhu luong giac , nherng chung ta van co the sir dung phuong phap nay de 
chemg minh. 


(a + b + c + 2) 


ri + i + % 5 

{a b c) 


(a + b + c)\ — + - + -]< 5 + ——2| 
la b c) abc 1 


1 1 1 

—l-h — 

abc 


o (a + b + c)\ - + - + - |-9< 
abc 


1 1 1 

- + - + - 
abc 


o(a + b + c)(ab + bc + ca) - 9abc < 2(a 2 +b 2 + c 2 + 2abc) - 2(ab + bc + ca) - 4abc 


o a(b - c) 2 + b(c - a) 2 +c(a-b) 2 < (b-c) 2 +(c-a) 2 +(a-b) 2 
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o- (a -1 )(b - cf +{b- 1 )(c - a) 2 + (c - l)(a - &) 2 < 0 (*) 


Do a 2 +b 2 +c 2 + 2abc = 1 nen a<\\b<\\c<\ do do (*) luon dung , vay bai 
toan duoc chirng minh. Dau dang thirc xay ra khi hai trong 3 so a,b,c bang 1 , so 
con lai bang -1 


5. Bai tap van dung 

Bail : voi a,b,c lacac so thuc khac 0. Chung mi nh: 

(2 ,2 2\f 1 1 O ^ A fa + b c+b a+c 

(a +b +c )l —Y + p- + p-| + 15 >4-| 


Goi y:Sir dung phan tich co so 3 dua bat dang thuc v 6 dang: - 0 (Dung) 


Bai 2 . Cho a,b,c la cac so thuc duong . Chung minh: 


(a 2 +b 2 +c 2 ^(^- + - + — j >4(a 2 +b 2 + c 2 ')-(ab + bc + ca) 


Goi y: Sir dung phan tich co so 7 dua bat dang thuc ve dang 

{b-cf{lb 2 a + 2a 2 c - 2abc) + ( a-b) 2 [2a 2 c + 2c 2 b - 2abc^ + (c - a) 2 {2c 2 b + 2b 2 a - 2abc} 

Cong viec den day kha de dang, sir dung cac tieu chuan 3 va 6 ta co dieu phai 
chirng minh. 

Bai 3 .Cho a,b,c lacac so thuc duong .Chirng minh bat dang thirc sau luon dung: 
JV + 3^ a 3 b 3 + 2 abcY,a 3 > £ ab(a 4 + b 4 ) + ^a 2 b 2 ( a 2 + b 2 ) + abcab(a + b ) 


Goi y : Dua bit dang thirc ve dang : S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 

S a =b 4 +c 4 - 3 b 2 c 2 + 2abc(b + c) 

S b = a 4 +c 4 - 3 a 2 c 2 + 2 abc(a + c) 

S c =b 4 + a 4 - 3 b 2 a 2 + 2abc(a + b ) 


Trong do: 
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Sau do su dung tieu chuan 2. 

Bai 4 . Cho a,b,c la cac so thuc thuoc khoang [3;4]. Chung minh: 

^a 2 b 2 -abc(a+b + c) 3^a 2 -(a + b + c) 2 

— - >—^ - 

abc a + b + c 

Goi y : Dua bat dang thuc v6 dang : S a (b-c) 2 + S h (c-a) 2 + S c (a-bf 


Trong do: 


ac a + b + c 

S c = — --- 

ba a + b + c 


Su dung tieu chuan 2. 

Bai 5 : Cho a,b,c la ba canh tam giac . Chung minh : 




Goi y: 

Chung minh bat dang thuc manh hon: 




Sau do dua bat dang thuc v£ dang: S a (b-cf +S h (c-a) 2 +S c (a-bf 
2a-b 


Trong do: 


S a = 

s b = 

S< = 2 


b 

2b-c 


Do a,b,c hoan vi vong quanh nen ta xet hai trudng hop: 









TH1 b+c>a>b>c khi do S a > 0; S c > 0 va ta chimg minh dirge S b +S c > 0 nen 
A>0 

TH2: a<b<c<a+b<2b khi do S b > 0; S c > 0 va ta de chimg minhS^ + S b > 0nen 
A>0 

Bai 6 : Cho a,b,c> 0. Chung minh rang: 


a b c~ , ^ . / -> , 2 \( « b c 

— + — + — + a+Hc>J4 a +& +c —+ - + — 

h r n \l t C a 


Gai y: Sir dung phan tich co sd 7 va bien doi: 
Binh phirong cahai ve, bat dang thirc tirong dirang: 


g^)[y + 7 + v + 3 (a ^ +c) ]- 4 g (g " fc>I[ 2 2 ^ +fcc>+ai,] 


> X(«-^) 2 


a 2 £ 2 c 2 , . 

- 1 - 1 - 1-3 (a + b + c) a , 2 i \ o j 

c v __ 4 (a + oc) + 2aZ? 


6. Bai tap danh cho ban doc 

Bai 1: Cho a,b,c la cac so thuc, chung minh rang: 

(a - b)(3a +b) (b- c)(3b+c) (c- a)(3c + a) 

a 2 +b 2 + b 2 + c 2 + c 2 +a 2 

Bai 2: Cho a,b,c la cac sokhong am. Chimg minh rang: 

( a+ ^\ + ( h+ ^J c M>JvS+Wl 

y c J y a J y b) a+b + c 


Bai 3: Cho a,b,c la cac so thuc duong. Chimg minh: 

a) ^a 4 (a -b) > 2abc ^a(a -b) 

b) a 2 +b 2 +c 2 + ajbc +by[ac +cy[ab >2(ab + bc + ca) 
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Bai 4: Chung minh rang vai moi a,b,c khong am ta co: 

4(a 2 + be) + 4(b 2 +ac) + 4(c 2 +ab) ( a+b + c ) 2 

b 2 +c 2 c 2 +a 2 a 2 +b 2 ab+bc + ca 

Bai 5: Chung minh rang vai moi a,b,c khong am ta co: 

a 4 + b 4 + c 4 > a+b + c 

a 3 +b 3 b 3 +c 3 c 3 +a 3 2 

Bai 6: Cho cac so thrre khong am a,b,c co tong binh phirong bang 3. Chung minh: 

1 + 1 + 1 + 1 + 1 + 1 >3 

3 -ab 3-bc 3-ca 3 -a 2 3 -b 2 3-c 2 
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PHlTONG PHAP DON BIEN 


Tran Dinh Phie&c Anh- Nguyen Trudng Nhat 

1. Kien thuc lienquan 

Vdi cac bai toan bat dang thuc ma cue tri dat dugc khi mot so bien bang 
nhau (ta goi la cue tri co tinh doi xung) hoac mot so bien dat gia tri tai bien cua 
mien xac dinh thi phuong phap don bien thuc su la mot phuong phap rat manh va 
hieu qua. Y tuong chinh cua phuong phap co the noi ngan gon nhu sau: bat dang 
thuc da cho dung voi moi gia tri cua bien so tren mien xac dinh nen cung se dung 
khi co mot so bien bang nhau (hoac mot so bien dat gia tri tai bien), vi the chung ta 
se tim each chung minh dang thuc xay ra khi mot so bien bang nhau (hoac mot so 
bien dat gia tri tai bien) va so bien cua bai toan se giam di lam cho cong viec chung 
minh cua chung ta nhe nhang hon nhieu. Noi dung cua phuong phap dugc the hien 
ro rang hon qua dinh ly sau day: 

Dinh ly ve don bien: Gia su f(x l ,x 2 ,x 3 ,...,x n ) la mot ham so lien tuc va doi xung 
vai tat ca cac bien xac dinh tren mot mien lien thong thoa man dieu kien: 

^ ,( x, +x~ x, +x 7 ^ . 

f( Xl ,x 2 ,x 3 ,...,x n )>f\ I (*) 

(Tu gia ta se goi bat dang thuc (*) la bat dang thuc dieu kien) 

Khi do thi bat dang thuc sau se thoa man: 

f(x 1 ,x 2 ,x 3 ,...,x n )>f(x,x,x,...,x) 

T7 ,. x.+x 2 +... + x n 

Vcn x = — ---- 

n 

Bat dang thuc dieu kien con co the bien doi ve mot so dang khac nhu sau: 
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f(x v x 2 ,x 3 „ 


Rx t x 2 , 3 Jx t x 2 ,j 

f(x v x 2 ,x 3 ,.. 

:,X n )>f\ 

f lx?+x~ lx? 

[V-VW- 1 - 

f{x l ,x 2 ,x 3,.. 

-,X n )>f\ 

fJxT + x? m R 

[I 2 1 


Va tuomg ung khi do thi x cung co the nhan mot so gia tri khac nhu: 
x = %Jx t x 2 x 3 ...x n 

x= ^ + ^ + ... + j 


'JCj +x 2 + x 3 +.. 


Vi du kinh dien nhat cho viec sir dung dinh ly nay chinh la bat dang thuc AM-GM: 

Xj +x 2 +x 3 +...+x n > n%Jx t x 2 x 3 ...x n vai x l ,x 2 ,x 3 ,...,x n > 0 
Bat f(x l ,x 2 ,x 3 ,...,x n ) = x l + x 2 + x 3 +...+x n -n^x t x 2 x 3 ...x n ta de dang co dugc 
f(x l ,x 2 ,x 3 ,...,x n )> f Rx t x 2 , ^x,x 2 ,x 3 , x n j (dieunay tuang duang -0) 

Ap dung Dinh ly ve don bien ta co ngay 

f(x l ,x 2 ,x 3 ,...,x n ) > f Rx t x 2 x 3 ...x n ,^]x t x 2 x 3 ...x n ,t^xfcXy.jCn,...,^]x t x 2 x 3 ...x n j = 0(dpcm). 

Tuy nhien hau het cac bat dang thuc chung ta gap phai deu khong the su 
dung dinh ly tren mot each don gian nhu vay, viec chung minh bat dang thuc dieu 
kien thubng doi hoi chung ta nhieu Id nang hon. Dinh ly S.M.V (Stronger Mixing 
Variable) ra dbi de giai quyet nhung kho khan nhu vay, truoc khi di den noi dung 
cua dinh ly ta se xet bo d6: 

Bo de: Gia su a l ,a 2 ,a 3 ,...,a n la day so thuc tuy y. Thuc hien lien tiepphep doi A xac 
dinh nhusau: 
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1. Chon i,j g {1,2,3,. -,n} sao cho a,, = rmn{a l ,a 2 ,a 3 ,...,aj va 

cij = msat[a l ,a 2 ,a 3 ,...,a n } 

2. Thay a t , a j bod U ' ^j nhung v an giu dung thu tu cua chung trong day so. 

Khi do thi sau khi thuc hien vo han Ian phep bien doi A thi moi so 
g{ 1,2,3 

deu tien den gi&i han: 

a , +a 9 +a, +... + a„ 

a = —----- - 

n 

(O’ day phep bien doi A co the thay bod cac dai luomg trung binh khac deu duac) 

Chimg minh(Tnch theo [1]): Ki hieu day ban dau la , sau phep bien 

doi A ta thu dugc day , cu nhu the tu day sau phep bien 

doi A ta thu dugc day (af +1 ,a£ +1 ,...,a* +1 ) (O’ day khong dune hieu a \ la a i luy 

thira k ). Khi do voi mgi so nguyen i e{l,2,3,...,«} ta phai chung minh rang: 

k r . a,+a 7 +...+a„ 
lim a, = a voi a = — --- - 

*-»« n 

Dat m k = mm{a 1 l,a k 2 ,...,a k n ) va M k = mas{a'i,a k 2 ,...,a k n }. 

De thay rang day (m k ) la mot day khong giam (Do qua phep bien doi A voi day 
( a k ,a k ,...,a k ) thi khong co phan trr nao cua day nho hon m k ), day (M k ) la mot day 
khong tang (Do qua phep bien doi A voi day thi khong co phan trr nao 

cua day Ion hon M k ) . Hon nua vi (m k ) va (M k ) d6u khong nho hon 
min {a k ,a k ,...,a k } va cung khong Ion hon ma x{a k ,a k ,...,a k } (bi chan) nensuyraca2 
day deu hoi tu. 

Dat m = lim m k va M = lim M, . 

*->oo K K 

Ta can chung minh r&ng M = m . Gia sunhu M >m . Dat d k = M k -m k . 
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Ta co mot nhan xet sau day: 


Nhan xet: Gia su sau mot so phep bien doi A day trd thank day 

( k k k\ , M.+m, ,, M.+m. 

(a t ,a 2 ,...,a n J sao cho m k =———- thi m 2 =——— 

That vay khong mat tinh tong quat ta gia sir rang Af, = a\ >a' 2 > ... > a' n = m, . Neu 

_ M x + m, _ a i + a „ cy s 5 ^5 nhat thoamanthi a 2 >m k Vi e{l,2,3,...,«} 

2 2 

(Do(mJla day khong giam) hon nua m k = C>] + ^ 1 " la mot phan tu* cua day 
(of,a*,.,.,a*) nen ta suy ra m 2 =m k = + y^y n han xet da duoc chung minh. 


Ap dung nhan xet tren ta suy ra mot ket qua manh hon. Bat: 

S = {k:3l> k\m k + M k = 2m,} => S = [k\m k + M k = 2 m k+l } 

P = {k:3l>k\m k +M k =2M,}^P = {k\m k +M k =2 M k+l } 

Neu S hoac P co vo han phan tu, gia su \S\ = +oo,khi do voi moi ksS thi: 


d k+l =M k+l -m k+l =M k+l - 

=> d k , < => lim d, = 0 

2 k *-»« 


M k +m k 
2 


=> M = m 


M k —m k 
2 


2 


Neu ca 5 va P deu co huu han phan tu, ta co the gia su ngay \S\ = |P| = 0 ma 
khong lam mat tinh tong quat cua bai toan. Khi do voi moi k > 1 thi so a ' + a " 
khong the la phan tu nho nhat hay Ion nhat trong day (of ,a 2 ,...,a k ^j va vi the ta chi 

can xet bai toan voi n-\ phan tu (bo di phan tu ^' ). Theo nguyen ly quy nap ta 
co dieu phai chung minnh. 

Vay trong moi tnrbng hop bo de deu duoc chung minh. 
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Phep chung minh tren cua bo de cac ban co the theo doi nham muc dich 
tham khao la chu yeu chh khong can qua chu trong chi tiet, ta quan tam nhieu hon 
den mot he qua true tiep cua bo de tren ma trong mot lop rat rong cac bai toan bat 
dang thuc no se mb ra cho ta mot con dubng vo cung sang sua: 

Dinh ly S.M.V: Neu f :/ qf§^* —>U ,1 = [a,j3] k \a,{3 e □ la mot ham lien tuc doi 
xung va bi chan dual thoa man dieu kien 

f(a l ,a 2 ,a 3 ,...,ajk:f(b 1 ,b 2 ,b 3 ,...,b n ) 

Trong do b l ,b 2 ,b 3 ,...,b n la day thu duactuday a 1 ,a 2 ,a 3 ,...,a n quaphep bien doi A thi 
taco: f(a l ,a 2 ,a 3 ,...,a n )> f{a,a,a,...,a ) von a = — ------. 


Dinh ly nay cho chung ta mot each tiep can rat hay doi vbi cac bai toan su 
dung phuong phap don bien khi chi can chon ra bien nho nhat va bien lbn nhat. 
Nhung ngay ca khi khong the chung minh duoc bat dang thuc dieu kien khi 
a t =min {a l ,a 2 ,a 3 ,...,aj va c/ ; =max{o 1 ,a 2 ,a 3 ,...,a„} van thu duoc nhung ket qua rat 
tot. Chang han nhu ta da chung minh duoc rang 
f(a l ,a 2 ,a 3 ,...,a n )>f(a,a,...,a,a k+l ,...,a n ) vbi a x > a 2 >...> a n thi ta chi can chung 
minh bat dang thuc trong trubng hop co k bien bang nhau, dieu nay ro rang da don 
gian hon rat nhieu. 

2. Vi du minh hoa 

De mb dau cho phan nay trubc tien ta xet bai toan kha noi tieng sau: 

Vi du 1 ([3]): Cho a,b,c> 0 va chi co toi da 1 so bang 0. j 

Chung minh rang 

Bat dang thuc tren la mot bat dang thuc hay va dep, trubc tien ta se giai 
quyet no bang each sir dung bat dang thuc cb dien ma cu the la bat dang thuc AM- 
GM. 
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Theo bat dang there AM-GM ta co: 


2 a 


b + c ^ja(b + c) a + b + c 

Xay dung 2 bat dang tlitre tirong ter va cong lai ta co dieu phai chtmg minh. 
Dau dang there chi khi a = 0,b = c hoac cac hoan vi terong erng cua bo so nay. 

Lbi giai tren that ser rat an terong va ngan gon, nhemg trong khuon kho bai 
viet nay chung ta se khong derng lai b day ma se di tim loi giai khac mang ter terong 
don bien, tuy rang co the se dai dong va pherc tap hon nhemg khong phai la khong 
co y nghTa. 

Khi bat dau beroc vao chung minh mot bat dang there nao do, cong viec trerbe 
tien cua chung ta hau nhu deu la der doan diem roi cua dau dang there. Trong bai 
toan nay, dieu kien "khong am" cua cac bien va "chi co toi da 1 so bang 0" derbng 
nher da goi y cho ta van de nay, va qua dung dau dang there xay ra tai mot bien bang 
0, hai bien con lai bang nhau. Vi the nen ca hai viec don bien ra bien va don bien ve 
tarn deu co kha nang ap dung deroc. 

Ta se ther don bien ve tarn trerbe. 


Giai: Bat f(a,b,c) = J— + J-^- + J-^. Ta se CMR 

yb+c \c+a \a+b 

(») 

Vbi c = min{a,£>,c} 

(Danh gia nher the de dam bao tong a+^+ckhong doi) 
That vay (**) terong derong: 

a+fc 

V b + c \c +a \a + b + 2c 


Khong mat tinh tong quat chuan hoa a+b+c = 2 . Bat dang there can cm trb thanh: 

JH + jH £2 /_5±L. 

\2 -a ]j2-b \4-a-b 
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Sir dung bat dang thuc Holder ta co: 





'(2-a) + b 2 (2-b)~\>(a + b) 3 


Ta can chung minh 


(a + b) 3 


4 (a + b) 


a~(2-a)+b 2 (2-b ) 4 -(b + a) 

Khai trienva rutgon, ta can chung minh (a-b) 2 \3(a+b)-4\>0 (1) 


2 4 

Mat khac do c = min{a,£,cj nen c < - => a+& > — 
1 J 3 3 


Do do bat dang thuc (1) dung. Gib ta chi can phai chung minh trong trubng hop 


a + c \ 2a 


a-b tuc la can chung minh: 2, 
a + c = l. 

Bat dang thuc can chung minh viet lai thanh 


> 2. Khong mat tinh tong quat gia su 


2y/a + . -—— > 2 ( a e [0,1]) 
V 2 a 


<=> 2yf2a + y/l-a > 2^2a 
<=> 8a 2 +1 - a + 4a^/2(l-a) > 8a 
» [(1 - 8 + 4>/2a] > 0 

<=> Vl - a + 4yf2a > 8a Vl - a (1) 

Neu a = 0 hoac a=l thi bat dang thuc hien nhien dung 

1 J2 

Neu 0 < a < 1 thi (1) tuong duong vbi : — > 1 

8a VI - a 

Ap dung bat dang thuc AM-GM ta co: 
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1 V2 _ 1 jla ^ 1 , 2yf2a 

8 a Vl -a 8 a j(l-a)a 8 a (1 -a + a) 

=-1- lyfla =-1- yj2a + yfla > 3 ?— .yj2ci .^J2a = — j= > 1 

8a 8a \8 a V? 

Vay ta co dieuphai chung minh. Bau dang thuc xay ra khi a-b,c = 0 hoac hoan vi. 

Bay gid ta se thu don bien ra bien. 

Giai: 

Bat f(a,b,c) = .P*- + .f-^+.r^. TaseCMR f(a,b,c)> f( a+^,b + ^,o] (*) 
\b+c \c+a \a+b { 2 2 J 

(Banh gianhir the de dam bao tong a+Z?+ckhong doi) 

That vay (*) tirong dirong: 



Khong mat tinh tong quat chuan hoa a+b+c = 2 . Bat dang thirc can cm trd thanh: 



Bat dang thtrc (*) la mot bat dang thrrc ma theo quan diem cua ngirdi viet la 
kha kho, ldi giai tim duoc cho bai toan nay la mot lbi giai rat dai dong, va di6u do 
cho ta thay phirong phap don bien tuy rat manh nhimg doi luc se dan chung ta den 
nhung kho khan con to lbn hon ban dau. Hy vong rang trong thbi gian toi cac ban se 
tim ra mot ldi giai that ngan gon va sang sua cho bai toan nay. 

Qua vi du tren phan nao cac ban da hieu duoc tu tudng cua phuong phap 
nay. Nhung VB1 lai khong cho ta thay het duoc sue manh cua phuong phap don 
bien bdi le viec chung minh dan den cac bat dang thuc khac tham chi kho hon rat 
nhieu so vdi viec srr dung cac bat dang thuc co dien. Tuy nhien, vdi cac vi du tiep 
theo sau day, sue manh cua phuong phap se dan duoc the hien bdi le do co the coi 
la con dudng kha di va hieu qua nhat : 
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Vi du 2: Cho a,b,c la cac so thuc thoa man a+b+c = 0. 

CMR: a 2 b 2 + b 2 c 2 + c 2 a 2 + 6 abc > -3 

Khi doc bai toan tren co the nhieu ban se cam thay rat lung tung, bbi vi dieu 
kien a,b,c la cac so thuc khien viec sir dung cac bat dang thuc quen biet nhu AM-GM, 
Cauchy-Schwarz hay Holder ... gap trb ngai. Hon nua hai ve cua bat dang thuc lai 
khong dong bac (co the giai quyet van de bang each dong bac hoa 2 ve nhung se dan 
den 1 bat dang thuc khac rat phuc tap) nen viec sir dung cac phuong phap thong thubng 
de giai quyet bai toan nay se vuong phai nhung kho khan nhat dinh. Va vi the y tubng 
don bien den voi chimg tatheo 1 le rat trr nhien ... 

Tuy nhien do ta chua biet tinh am duong cua cac bien nen khong the voi 
vang ma don bien ngay duoc, nhung rat may la voi bai toan nay thi ta co the xet cac 
trubng hop rieng mot each tuong doi don gian. Xin duoc trich nguyen van lbi giai 
cua ban Doan Quoc Dat (Chuyen toan 12-15) nhu sau: 

Giai: Do a+Z?+c = 0nen ta chi can xet cac trubng hop sau: 

•THI: Ton tai 1 trong 3 so a,b,c bang 0. Khi do ta co VP >0>VP =-3. 

• IH2: Tich abc >0 (tire co 2 so cimg am, so kia duong hoac ca 3 so cimg duong) 
thi taco VP>0>VT =-3. 

• IH3: Co 1 so am va 2 so con lai cimg duong (neu ca 3 cimg am thi trai voi gia 
thiet a+b+c = 0). Khong mat tinh tong quat gia sir c<0, khi do tadat c' = |c|. 

Xet ham so f(a,b,c ) = a 2 b 2 + b 2 c 2 + c 2 a 2 + 6abc + 3 = a 2 b 2 +b 2 c 2 +c 2 a 2 -6abc'+3 . 

Xet 



Mat khac do a+b+c = 0 nen suyra c' = a+b 
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(.a + b ) (a + b ) _ c 


Ja+b a + b (a-bf ( , 2 , c' 2 

> f(a,b,c)-f > —— I c' + 3c— 

f a+b a+b 


_ (a—by (3 


—c' +3c' >0 
4 


>/(a,6,c)>/ 


Vi the ta chi can cm bai toan trong tnrong hop a =b . 

The la ta chi can chung minh 9a 4 -12a 3 +3 > 0 «(a -l) 2 (9a 2 + 6a + 3) > 0 (dung). 


Vay bat dang thuc dugc cm hoan tat. Dau dang thuc chi khi a = b = l,c = -2 hoac 
cac hoan vi tuong ung cua bo so nay. 

Vi du tren la mot bai toan tuong doi dac trung cho phuoug phap don bien, 
tuy nhien ta van chua can su dung den tinh thu tu cua cac bien so. Doi vai cac bai 
toan don gian thi viec lam do la khong can thiet, nhung vai 1 so bai toan thuoc loai 
"kho nhan" hon thi viec sap xep thu tu cac tat ca cac bien hay 1 vai bien nao do 
(bien nho nhat, bien lan nhat, bien nam giua 2 bien, ...) roi mai don bien thi lai cho 
ta hieu qua vo cung to Ion. 


Be thay su dung dan cua nhan dinh tren ta cung di den cac vi du sau day: 

I Vi du 3: Cho a,b,c,d la cac so thuc khong am va khong co 2 so nao dong thdi bang 0. 


I Chung minh rang 3 * 3 + * 


243 


a 3 +b 3 a 3 +c 3 a 3 +d 3 c 3 +b 3 d 3 +b 3 c 3 +d 3 2 (a+b+c+d) 3 


Giai: Vi bat dang thuc da cho la thuan nhat nen khong mat tinh tong quat gia sir 
a+b+c+d = 1. 


Cung nhu vi du 1, di6u kien bai toan goi cho chung ta diem roi cua dau dang 
thuc, do la co 1 bien bang 0 va 3 bien con lai bang nhau, dieu do lam cho chung ta 
suy nghi den viec don bien ra bien. 


Bat f(a,b,c,d) = 


1 


1 


a 3 +b 3 a 3 +c 3 


1 

3 +d 3 


1 

3 +b 3 


1 

d 3 +b 3 


1 

c 3 +d 3 
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Ta hi vong se co danh gia sau: f(a,b,c,d)> f^a + ^,b + ^,c+^, oj. (*) 

Nhimg rat tiec la ta chira the co danh gia do ngay dirge, that vay chi cin lay 1 
phan VD la a=0,01;Z? = c = r/=0,33 thi bat dang thirc (*) se dao chi6u. Vay la ta 
khong the giai quyet bai toan theo tir tuong don bien ?!?! 

Hay khoan bo cuoc tai day, ta chira the co (*) vi chira tan dung sir doi ximg 
cua f(a,b,c,d), chinh nhb sir doi xung nay ma ta co the sap xep duoc thu tu cua cac 
bien ma cu the trong bai toan nay ta co the gia sir d = min {a,b,c,d} . 


Khi do ta co nhung danh gia sau: 


( d' 

3 

(, d' 

3 


+ d 3 


' d\ 

a + - 

| + 


1 (1) 

a 3 

< j 


l 3, 


l 3y 




v 3 J 

( d > 


( d' 





( d\ 


1 +1 


| (2) 

b : 

5 +d' : 

? < 


l 3 J 

1 

l 3, 




l 3 J 

f <0 

3 

f 1 d~\ 

3 

| (3) 


+ d 3 


' d)' 


+ | 


c 3 

< j 


l 3 J 


v 3 J 




i 3 J 


(4) 

(5) 

( 6 ) 


Bat dang thirc (1) la hien nhien do a + ^>a;b + ^>b, cac bat dang thirc 
(2)(3) duoc suy ra mot each tuong tu. 

Bat dang thirc (4) tuong duong voi: 
a 3 +ad^a + ^j + ^>a 3 +d 3 ad^a + ^j>^d 3 dieu nay dung do 

d = min {a,b,c,d} . 


Vay bat dang thirc (4) duoc chimg minh, cac bat dang thirc (5)(6) duoc suy 
ra mot each tuong tu. 

Ap dung cac bat dang thirc (l)(2)(3)(4)(5)(6)taco : 

1 aAc 1 . 1 


a +b 


H)*N) 

f(a,b,c,d)>f^a + ^,b + ^,c + ^, oj 
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Vay ta da cherng minh dirge bat dang there (*) 

Be ket there bai toan ta se CMR voi a,b,c> 0thoa a+b+c -1 thi 


a£c 1 a Ac i 243 

~ 2 ^ +b, + C itla wH 


(a Ac X > 

>2 {a + b + cf (a 3 +b 3 + c 3 \ V — --—— >2 

V '1 ^(a 3 +Z; 3 )c 3 J 


Ap dung bat dang there Holder cho cac bo so 


(a,b,c);(c 3 +b 3 ,a 3 +c 3 ,a 3 + Z> 3 ); , 1 , — T , , 1 , — T ,— , 1 T | ta co dpem. 

v '^(c 3 +Z>V (c 3 +a 3 )Z > 3 (a 3 +Z> 3 )c 3 J 


Vay bat dang there duoc cherng minh hoan tat. Dau dang there chi khi a=b = c,d =0 
hoac cac hoan vi tuong emg cua bo so nay. 


Vi du4([l]): Cho a,b,c >Othoaman a+b+c = 3. 
Chung minh rang (a 2 + a + 1 )(b 2 +b+ 1 )(c 2 + c +1) < 27 


Giai: 


Bat f(a,b,c) = (a 2 + a + l)(b 2 +b+\)(c 2 + c + \), ta se CM f(a,b,c)<f 


a + b a + b 


Bieu tren tuong duong voi 


(a + b) 2 a + b , 

-- — + -+ 1 

4 2 


^ +1 I > (a 2 + a + l)(b 2 +b + V) 

( a 2 +b 2 + 2a + 2b + 2ab + 4) 2 > 16(a 2 + a +1 ){b 2 + b + 1) 

<=> a 4 + b A + 4(a 3 b + b 3 a + a 3 +b 3 ) + Sab > 10 a 2 b 2 + 4(a 2 b + b 2 a + a 2 +b 2 ) 
( a-b ) 2 [(a + Z?) 2 + 4(a + b) + 4ab-> 0 
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Bat dang thuc tren se dung neu (a + bf + 4 (a + b) + 4ab - 4 > 0 , muon co dieu 
do ta se gia sir rang c = min {a, b, c } (dieu nay co the thuc hien dupe do su doi xung 
cua f(a,b,c )) 

Khi do thi c<\^> a + b>2=> (a + b) 2 >4=> (a + b) 2 +4(a + b) + 4ab-4>0 (dpcm) 

Gid ta chi can CM bat dang thuc trong tnrdng hop a=b tuc la chung minh: 

(c 2 +c + l)(a 2 +a + l) 2 < 27 vdi a,c >Ova 2a+c = 3 

The c = 3-2a tase CM bat dang thuc sau vdi ae[0;l,5]: 

[(3 - 2af + 4 - 2a] (a 2 + a +1) 2 < 27 

<=> 4a 6 - 6 a 5 - 3a 4 - 8a 3 + 15a 2 + 12a -14 < 0 

<=> (a -1) 2 (4a 4 + 2a 3 - 3a 2 - 16a -14) < 0 

Bat /(a) = 4a 4 + 2a 3 -3a 2 -16a -14 vdi a e [0,1,5]. 

Ta co / '(a) = 16a 3 +6a 2 -6a -16 = 2(a-l)(8a 2 + lla + 8) 

Lap bang bien thientathay ngay /(a)<Ovdi moiae[0;l,5]. 

Vay bat dang thuc duoc chung minh hoan tat. Dau dang thuc xay ra khi a = b = c = 1 

Vi du5([l]): Cho a,b,c >0 thoa man a+b+c = 3 

Chung minh rang \ \ > a 2 +b 2 +c 2 
a b c 


Loi giai 1: Nhan thay rang dau dang thuc xay ra tai a=b = c = 1 nen ta se thrr don 
bien ve tarn. 


Bat f(a,b,c) = X + ^ + X 
a b c~ 


Ta mong muon co danh gia f{a,b,c)>fy^-,^^-,c 
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Bieu tren tuong duong voi 


r 1 1 2 i 2 2 \ 8 

— + — + — -a -b -c > -^ + 

a b c (a + b) 

1 1 8 (a + b) 2 2 

o — + — - T + ---—a - 

a 2 b 2 (a + b) 2 2 

(a 2 +b 2 )(a + b) 2 -Sa 2 b 2 (a-b) 2 


1 (a + b) 2 


a b (a + b) 


(a 2 +b 2 )(a + b) 2 -Sa 2 b 2 
^ a 2 b 2 (a + b) 2 

(a-b) 2 [(a + b) 2 +2aZ?] 
a 2 b 2 (a + b) 2 




(a-b) 2 


(a + b) 2 + lab 
a 2 b 2 (a + b) 2 


(a-b) 2 

2 


>0 


(a-b) 2 

2 



>0 


Theo bat dang thtrc AM-GM ta co: 


(a + bf + lab 
a 2 b 2 (a + b) 2 


1 

aW 


ab(a + b) 2 ((a + b) 2 ^\ lab(a 2 +b 2 ) (a+b) 4 


24 1 

Be thirc hien dirac phep don bien, tuc la danh gia cac bien de co the co- - > - . 

(a+b) 2 

Bieu nay tuong duong voi a+b<y) 48 « 2,632.... Neu chi dung danh gia 
a+b<3 thi khong the co dieucan chung minh. Chinh vi vay nen chung tamdi tim 
each de gidi han a+b nho hon 2,632... Ta chi can gia sir c = raax{a,&,c}(dieunay 
luon thuc hien duoc do tinh doi xung cua f(a,b,c) ) thi ta se co c > 1 suy ra a+b<2 
va ta co dieu phai chung minh. Bau dang thuc xay ra chi khi a = b = c = 1 . 

Voi bai toan nay ta con co mot each giai khac chi su dung cac bat dang thuc 
quen biet nhu sau: 

Loi giai 2: Ap dung bat dang thuc quen thuoc: 

1 i i > i i 1 _a+b + c _ 3 
a 2 b 2 c 2 ab cb ac abc abc 
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' 3 2 2 2 oo 2 

Ta chi can chung minh - >a +b +c o?>>abc(a +b +c ) 

abc 


Ta cung co 


(.ab + bc + ac ) > 3 abc(a +b + c) = 9abc 
(.ab + bc + ac ) 2 


Vay ta chi can phai chung minh: 


3> (ab+bc + ac) +c 2 ) <=>27 > (a&+&c + ac) 2 (a 2 +b 2 +c 2 ) 


Ap dung bat dang thuc AM-GM ta co 

(ab + be + ac) 2 (a 2 +b 2 + c 2 ) = (ab + bc + ac)(ab + bc + ac)(a 2 +& 2 +c 2 ) 
a 2 + & 2 +c 2 + 2(a& + &c + ac) 1 f(a + & + c) 2 l 


„ « 2 


= 27 


3 J L 3 

Vay ta co dieu phai chung minh. Dau dang thuc xay ra chi khi a = b = c = 1. 


Vi du 6(Russia2002): Cho a,b,c >0 thoaman a+b+c = 3 
Chung minh rang \fa + Jb+\fc>ab+bc + ca 


Loi giai 1: Tuong tu nhu cac vi du da xet d tren, diem roi cua dau dang thuc dua 
chung ta den suy nghT don bien ve tarn. Bat f(a,b,c ) = yfa + \fb +yfc -ab-be-ca 

Ta se chung minh rang 

, ^^Ja+b a + b , . Ja + b a + b Y_ 

f(a,b,c)>f\^-,^-,c\of(a,b,c)-f\-^-,—^-,c\>0 
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Dieu nay se dirge thoa man khi ta tan dung tinh doi xung cua f(a,b,c) de gia 
sir rang a>b>c. Khi do ta se co a>l va a+b>2 . Luc do thi bat dang thuc (*) 
hien nhien thoa man. 

Gid ta chi can chung minh bat dang thuc khi a-b tuc la chung minh vdi 
2a+c = 3 thi 2y[a +Vc > a +2ac . The c = 3-2a va ta can chung minh bat dang 
thuc sau vdi ae[l;l,5](do gia su a>b>c ) thi: 



Bat dang thuc tren nh in tuy co ve rat don gian nhung de chung minh duoc no 
la dieu khong don gian chut nao. Bdi le ham f(a) = 3a 2 + 2-Ja + ^3 - 2a - 6a vdi 
a e [1; 1,5] khong phai la ham don dieu va diem cue tri cua no dat tai mot gia tri rat 
Te" la a «l,46132(viec tim ra gia tri nay cung kha phuc tap va ngudi viet xin khong 
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neu ra a day). Va vi the viec giai quyet bai toan theo tu tubng don bien vdn dang la 
mot van de con bo ngo chb cac ban hoan thien trong thbi gian tbi. 

Ta co the thay rang viec sap xep thir tu cua cac bien trong lbi giai den mot 
each hoan toan tir nhien. Chung ta khong nhat thiet phai sap xep chung ngay tu dau 
ma ngay trong qua trinh danh gia cua chung ta se xuat hien dieu can phai gia sir (tat 
nhien la khong lam mat tinh tong quat cua bai toan). 

Vbi bai toan tren ta con co mot lbi giai dung hoan toan bat dang thirc co dien 
nhu sau: 


Loi giai 2: Ta co : 

yfa + yfb +s[c >ab +be+ ca 
<=> 2 {^[a + y/b + Vc j > 2 ( ab + bc + ca ) 

<=> l{y[a +y/b + yfc j + a 2 + b 2 + (? > ct + b 2 + c? +2(ab + bc + ca ) 

<=> l(4a + \fb + + a. 2 + b 2 + c 2 > (u + b + c) 2 = 9 

Mat khac theo bat dang thirc AM-GM ta cung co: 
yfa +y[a +a 2 > 3 a 

yfb+Jb+b 2 >?b 
y/c +yfc +C 2 > 3c 

Cong theo ve 3 bat dang thirc tren ta co 2^y[a+y/b + y/c^+a 2 +b 2 +c 2 >9(dpcm) 

Vay bat dang thirc duoc chung minh hoan tat. Dau dang thirc chikhi a=b = c = 1. 

Lbi giai thir 2 cua vi du 5 va vi du 6 la nhirng lbi lbi giai rat ngan gon va da 
so cac ban se dong y rang no dep hon nhieu so vbi lbi giai sir dung don bien. Nhirng 
de co duoc nhirng lbi giai nhu the can phai co mot sir tinh te nhat dinh va khong 

phai de dang de nghT ra. Trong khi do lbi giai bang don bien tuy sir dung nhirng 

bien doi kha rubm nhirng lai rat tu nhien va dubng lbi da la het sire ro rang. Phuong 
phap nay doi hoi ngubi lam phai co mot niem tin virng chac ve dubng lbi va long 
kien tri nhat dinh. Do la dieu vo cimg quan trong khi lam bat dang thirc noi rieng va 
giai toan noi chung. At han se co rat nhieu ban nan long khi dung trubc nhirng bien 
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doi dai dong nhu vay, do thuc sir la mot dieu vo cung dang tiec. Ngirdi viet chi 
muon nhan nhu vdi cac ban rang, nhung kho khan khi tlnh toan do chi la nhung trd 
ngai nho tren con dudng giai quyet mot bai toan kho va la dieu khong the tranh 
khoi, va trong nhung bai tap dupe de cap d phan cuoi, ta se con phai dung phai 
nhung tinh toan con "ghe gdm" hon nhieu. 

Vi du 7(IRAN 1996): Chung minh rang voi a,b,c> 0 thi 
1 1 1^9 

-7 -T "I-7 - 

(.a + b)~ (b + c ) (c + a) 4 (ab+bc+ca) 


Bai toan tren da trd nen qua doi noi tieng bdi do kho cua no. Dau dang thuc 
xay ra d 2 trudng hop la a =b = c hoac a ^0 cung cac hoan vi. Vdi bai toan 
nay, neu ta thuc hien viec don bien theo trung binh cong hoac trung binh nhan deu 
se dan den nhung bat dang thuc vo cung phuc tap. Bung lo lang bdi co vo van 
nhung each don bien khac nhau va moi chung lai chua dung trong minh nhung net 
tinh tuy rieng, va tuy tung bai toan ma ta se co each ap dung vo cung linh hoat va 
uyen chuyen. Ldi giai sau day dupe trinh bay theo y cua thay Tran Nam Dung: 


Giai: Khong mat tinh tong quat ta co the chuan hoaab+bc+ca = 1 va ta phai chung 
1 1 19 

-7 -7 -7 — — 

(. a+b ) (b + c) (c+a)~ 4 


minh rang f(a,b,c) = - 


Nhu da noi d tren, ddu dang thuc xay ra khi co 2 bien bang nhau va vi the ta se thu 
don bien ve tarn. Nhung ta chua biet la se "ep" 2 bien nhu the nao de tan dung toi da 
gia thiet ab+bc+ca = 1 . Khong sao ca, ta se tim each chung minh rang 
f(a,b,c) > f(t,t,c) vdi t thoa man 2t 2 +tc = \ va neu dupe thi sau do ta chi can phai 
chung minh bat dang thuc khi a = b = t la xong. That vay, xet: 


d 


f(a,b,c ) - f(t,t,c) = 1 

(a+b) 2 

At 2 -(a+b f 1 1 


1 1 

(b + c) 2 + (c + a) 2 
2 


~At 2 


At 2 (a + b) 2 (b + c) 2 (c + a) 2 (t + c) 2 

(2t-a-b)(2t + a + b) 1 1 _2_ 

t 2 (a+bf + (b + c) 2 + (c + a) 2 (t + c) 2 


2 

(t + c) 2 
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Chu y tu gia thiet t 2 + 2tc - ab + be+ca - 1 ta suy ra: 

(t + c ) 2 = (a + c)(b + c ) 

=^> a + & - 2t = (a + c) + (b + c) - 2 (c + 0 = (a + c) + (b + c) - 2 ^{a + c)(& + c) 



Suy ra 


-(q-ft) 2 (2r + q + fr) 

V« + c + y/b + c j (q + Z?) 2 4r 
-(q-Z?) 2 (2r + q + Z?) 


1 1 _ 2 

(6 + c) 2 (c + q) 2 (a + c)(b + c ) 

(a-b) 2 
(a + c)(b + c) 


= (a-by 


1 

(q + c)(Z? + c) 


Khong mat tinh tong quat gia sir c — min{q,Z?,c} khi do ta co c < — < t. 


2t + a+b<a + c+b + c + 2(t + c) = a + c+b + c + 2^J(a + c)(b + c ) = ysja + c + y/b + cj 
va (q + c)(b + c) — ^(a + c)(b + c)(t + c)< 2tyj{a + b){a+b ) = 2r(q + £>) 


Suy ra 


(a + c)(b + c) + (a + b) 2 4t 2 2t(a + b) 41 (a + b)' 


_i 

j + by 2 t(a+b)\_ 2 t(a+b) 


Mat khac 


c = min{q, b,c} a a,b,c e[0,l]=> 2t(a+b) = t(a + b) + t(a + b) 

> c(a + b) + t(a 2 + b 2 )> c(a + b) + 2tab > c(a + b) + a b > c(a +b) + ab = 1 

Vay ta co d>0=> f(a,b,c)> f(t,t,c ) .Ta se chung minh f(t,t,c)> 0 
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The c = —— vao f(t,t,c) va gia ta chi can chemg minh 


4 1 2 


( 1 -t 2 ' 


t+ - 


l ^ 

i 

8 1 2 



At 2 (r+1) 2 4 
0 Q 2 +1) 2 +32r 4 -9rQ 2 +1) 2 
4r(r + l) 2 

4t (t +1) 

Bat dang there cuoi cung hien nhien dung do re [0,1] . Vay bat dang there dugc 
chemg minh hoan tat. Dau dang thuc xay ra chi khi a = b = c hoac a = b,c^> 0 cung 
cac hoan vi. 


Vi du 8([2]): Cho a,b,c >0 thoa man ab+bc+ca+abc = 4. 
CMR a+b+c>ab+bc+ca 


Dau dang there cua bat dang there nay la tai a=b = c = 1 hoac a = b = 2,c = Q 
cung cac hoan vi. Dieu kien cua bai toan nay kha la dac biet va ta kho co the nghT ra 
mot dai luong trung binh thich hop de tan dung toi da gia thuyet nay. The nen cung 
nhu trong VD7, ta khong can quan tarn "hinh thu" cua dai luong do nhu the nao ma 
chi can biet rdng ta se "ep" cho 2 bien ve gia tri t nao do thoa man t 2 +2tc+t 2 c = 4. 
Dera tren y tudng do ta di den giai quyet bai toan nhu sau: 

Loi giai 1: Dat f(a,b,c)-a+b+c-ab-bc-ca . Voi t thoa man 
t 2 + 2tc+t 2 c = 4 ta co f(t,t,c ) = 2t + c-t 2 -2tc. 

Xet d = f(a,b,c)-f(t,t,c) = 2a + b + c-ab-bc-ca-2t-c + t 2 + 2tc 

= a + b-2t-(ab -t 2 )- c(a +b-2t) 

Theo bai ra ta co t 2 +2tc+t 2 c = ab+bc + ca = 4=> ab-t 2 = c(2t - a-b +1 2 - ab) 
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> (c+l)(ab-t ) =c(2t-a -b ) 
>ab-t^ C> ^^ (1) 


Suy ra d = (a +b-2t) \ 1 + ——c ). Bay gid khong mat tinh tong quat ta gia sir 
l c + l ) 

c = min{a,&,c} . Khi do thi 0<c<1=>1-c>0=>1+ —— c> 0 . 

c +1 


Gid ta can chirng minh rang a+b-2t>0 , vi chira ro "hinh thu" cua t nen ta 
kho ma co dieu nay true tiep, vi the nen ta se thir phan chimg xem sao. Gia sir 
a+b-2t<0 , ter (1) ta co ab-t 2 >0=> ab>t 2 ^>y[ab >t (*). Mat khac 
a+b-2t Tir (*) va (**) ta co: -Jab -yfb^ <0 

(vo ly). Vay ta co a + b - 2t > 0 suy ra d > 0 . 

Gid ta can chung minh f(t,t,c ) >0 <?>2t +c -t 2 -2tc >0 (2) 


Ta co r 2 +2tc + r 2 c = 4=>c = -:- va do gia sir c-vcm{a,b,c} nen taco re[1,2] . 

t 2 + 2t 


The c = — - vao (2) va ta can chung minh vdi t e [1,2] thi: 

r+2t 


21 


4-t 2 ^ 

t 2 +2t 1 


2r(4-r 2 ) 
f 2 + 2r 


>0 




2r 3 + 4r 2 + 4 - r - 1 4 - 2r 3 - St + 2 r 3 
t“ + 2 1 

-r 4 + 2r 3 +3r-8r + 4 >Q 
r 2 + 2r 

(r-l) 2 (r + 2)(2-Q ^ 0 
r 2 + 2r 


>0 


Bat dang thuc cuoi cung hien nhien dung do t e[l,2] . 

Vay ta co dieu phai chung mi nh. Dau dang thuc xay ra chi khi a- b = c = \ hoac 
a=Z? = 2,c = 0 cung cachoan vi tuong img. 

Thong thudng thi d bude danh gia f(a,b,c ) >f(t,t,c ) ta chi can sir dung den 
tinh thir tu cua cac bien so nhirng trong bai toan tren bude nay khong con don gian 
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nhu the nua ma buoc ta phai kheo leo han trong viec chung minh ma cu the la sir 
dung phuong phap phan chung nhu trong ldi giai da trinh bay. Bai toan tren con 
mot loi giai nua rat dep mat va tinh te nhu sau: 

Loi giai 2: Tir gia thiet bai toan ab+bc+ca+abc = 4 ta suy ra rang ton tai 
cac so khong am x,y,z sao cho khong co 2 so nao dong thai bang 0 thoa man 

a = , b = ——, c = (cac ban hay suy nghT xem tai sao lai co the khang 

y + z x+z x + y 

dinh nhu vay!?). 

Khi do thi bat dang thuc can chung minh viet lai la: 

x | y : z y 2xy | 2 yz | 2zx 

y + z z + x x+y~ (x+z)(y + z) (y + x)(z+x ) (z + y)(x+y) 

ox 3 + y 3 + z 3 + 3xyz > xy(x + y) + yz(y + z) + zx(z + x) 

Bat dang thuc tren chinh la bat dang thuc Schur bac 3. 

Vay ta co dieu phai chung minh. Dau dang thuc xay ra chi khi a = b = c = 1 hoac 
a=Z? = 2,c = 0 cung cachoan vi tuong ung. 

Ta tiep tuc di den mot vi du khac tuong tu nhu sau: 

Vi du 9([2]): Cho a,b,c> 0 thoa man ab+bc+ca+abc = 4 . 

Tim hang so k tot nhat (Ion nhat) de bat dang thuc sau luon dung: 

a 2 + b 2 + c 2 + 3k > (k +1 )(ab + bc + ca ) 


Be y rang dieu kien cua bai toan nay giong het voi dieu kien trong vi du 8, va 
ta se nghT ngay rang voi k tot nhat de bat dang thuc dung thi dau dang thuc cung se 
xay ra tai cac gia tri nhu vi du 8. 

Ta se thir cac gia tri cua ( a,b,c ) bdi cac bo so (2,2,0) va (1,1,1) va tim ra 
chan tren Ion nhat cua k va hi vong rang bat dang thuc se dung voi gia tri do. Be co 
niem tin ve viec chung minh bat dang thuc dung trong trubng hop k ldn nhat tim ra 
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thi cac ban can co mot sir "nhay cam" nhat dinh va dieu do chi co the co dirge thong 
qua qua trinh hoc tap va ren luyen het sue nghiem tuc. 


Giai: Cho (a,b,c) = ( 2,2,0) ta co:8+3k>4(k+l)<^>k<4 . Vay ta chi din chung 
minh bai toan trong trubng hop k- 4 tuc la can chung minh: 
a 2 + b 2 +c 2 + 12 > 5(ab+bc + ca ). 

Tuong tu nhu bai toan tren, dat f(a,b,c) =a 2 +b 2 +c 2 +12 - 5(ab +be+ ca). 

Ta se chung minh rang f(a,b,c)>f(t,t,c ) voi t thoaman t 2 +2tc+t 2 c = 4. 

Xet d. = f(a,b,c)~ f(t,t,c) =a 2 +b 2 +c 2 +12-5(ab+be+ ca)-2t 2 -c 2 -12 + 5(r 2 +2tc) 

= a 2 +b 2 -21 2 +5[t 2 -ab + c(2t-a-b)\ 


Tir dieu kien bai toan ta co: ab-t = -(2 t-a-b) suy ra: 

c + 1 


a 2 + b 2 - 21 2 =(a + b) 2 - At 2 + 2(t 2 - ab ) 


= (a + b - 2 t)(a + b + 2t)-\ - (a + b - 21) 

c + 1 


= (a + b-2t)\ a+b + 2t-\ - 

c + 1 


b-2t)^a-t 


> d = (a + b-2t)\ a + b + 2t-\ -+5 - (a + b-2t) + c(2t-a-b ) 

c + lJ lc + 1 


= (a + b-2t)\ a + b + 2t-\ -5c 

c + 1 


Bay gio ta se gia su rang c = min {a,b,c} khi do thi c e [0;1] va a,b,t > c. 


Suy ra a+b + 2t>Ac va ->c (dieu nay tuong duong c(c-6)<0(dung)) 

c + 1 


>a+b + 2t-\ -5c >0.(1) 

c + 1 


Theo vi du 8 ta cung chung minh duoc a+b-2t>0(2) 

Tu (1) (2) suy ra d > 0 va gio ta chi can chung minh rang : 
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f(t,t,c)> 0 ^ It 1 +c 2 + \2-5(t 2 + 2tc) > 0(*) 


The c = —-vao (*) va ta can chung minh: 

t + 21 


44 ^ 

\yt + 2t( 


f 2 tc 

K (t-l) 2 (2-t)(3t + 2) 


t 2 +21 


>0 


Bat dang there cuoi hien nhien dung do 0 < t < 2 . Vay ta co dieu phai chung 
mi nh. Hang so k Ion nhat la 4 va dau dang there xay ra chi khi a =b = c = \ hoac 
a-b-2,c- Ocung cac hoan vi. 

I Vi du 10: Cho a,b,c> 0. Chung minh rang 


a 6 +b 6 +c 6 - 3a 2 b 2 c 2 > —( a-b) 2 (b-c) 2 (c-a ) 2 
4 


Cac bai toan trong nhung vi du chung ta xet den deu la cac bat dang there doi 
xerng voi cac bien va vi the nen viec chung minh bat dang there dieu kien khong 
phai la van de qua kho khan. Tuy nhien khong phai bao gib cung the (nhat la voi 
cac bat dang there hoan vi), nhu trong vi du nay, viec chung minh bat dang there dieu 
kien se la mot cong viec het sere pherc tap khi cac ban there hien phep don bien ve 
thong thubng. Trong nhung tnrbng hop nhu the nay thi phuong phap don bien toan 
mien se la mot ser lera chon hihi dung. Y tubng chinh cua phuong phap nay la se 
dong thbi gia giam cac bien so di mot luong nao do va triet tieu mot bien so ve 0, 
khi do so bien se giam di va viec chung mi nh con lai don gian hon rat nhieu so voi 
bai toan ban dau, de hieu ro hon van de nay ta se cung di tim lbi giai cho vi du tren. 

Loi giai 1: Bat dang there da cho tuong duong voi: 

(a 2 +b 2 +c 2 )[(a 2 -b 2 ) 2 +(b 2 -c 2 ) 2 +(c 2 -a 2 ) 2 ] > ^-(a-b) 2 (b-c) 2 (c-a) 2 
Khong mat tinh tong quat gia ser c = min{a,Z?,c}. 
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Ta nhan thay rang neu ta giam ca 3 bien di mot lirgng 0 < x < c thi ta co 
^ [( a-x)-(b- x)] 2 [(b -x)-(c-x)] 2 [(c - x) - (a - x)] 2 = ^ (a - bf(b - c) 2 (c - af 

Tire la ve phai cua bat dang there khong doi, trong khi do thi: 

[(a-x) 2 +(b-x) 2 + (c-x) 2 ] j[(a-x) 2 -(£-x) 2 ] + [(&-x) 2 -(c-x) 2 ] +[(c-x) 2 -(a-x) 2 ] 
= [(a-x) 2 + (b-x) 2 + (c-x) 2 ][(a-&) 2 (a + &-2x) 2 + (b-c) 2 (b + c-2x) 2 + (c - a) 2 (c + a-2x) 2 
< (a 2 +b 2 + c 2 ) [(a 2 - b 2 ) 2 + (b 2 - c 2 ) 2 + (c 2 - a 2 ) 2 ] 

Dieu do co nghTa ve trai cua bat dang there se giam di. Ter 2 dieu tren ta di den viec 
chemg minh bat dang thuc voi c = 0 (terc ta da giam ca 3 bien di mot lerong x = c ). 

Voi c = 0, bat dang there can chemg minh la: 

a 6 +b 6 >—a 2 b 2 (a-b) 2 voi a,b> 0 
4 


27 27 , , 27 

Bat dang thuc tren tuong duong: a +b + — a b > —a b~ +—ab. 


Ap dung bat dang there AM-GM ta co: 


a‘ +— aV 
8 

+ f aV£3 f 

l 8 ; 

I 2 27 4,2 

1 4 

(1) 

, 27 , , 
b 6 + — a 3 b 3 
8 

+ f aVs3 fl 

r 27 3, 3^ 
— ab 

K 8 J 

2 27 *,4 2 

= — b a 

4 

( 2 ) 


Cong theo ve cac bat dang there (1) va (2) ta co dieu phai chemg minh. Dau dang 
there xay ra chi khi a-b-c. 

Nhu da thay d vi du tren, khi ta gia giam toan bo cac bien cung mot luong thi 
VT giam dan con VP khong doi, trong nhieu trubng hop khac, khi there hien phuong 
phap don bien toan mien thi tham chi ta con co nhrrng nhan xet kho hon la ca 2 ve 
cung thay doi, cac ban se gap phai cac trudng hop do trong phan bai tap cuoi bai 
viet. 

Co the thay rang viec ser dung phuong phap don bien toan mien da giai quyet 
bai toan mot each rat don gian va dep mat. Dae diem nhan dang nhung bai toan ser 
dung phuong phap nay la khi co ser chenh lech giua cac dai luong xap xi bang 0 , 
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mot each true quan thi voi cac bai toan ba bien cac ban co the hieu la sir xuat hien 
cua dai lirgng dac biet ( a-b)(b-c)(c-a ), chlnh dieu nay la chia kboa de chung ta 
giai quyet dirge bai toan bang phirong phap don bien toan mien. Neu kbong sir dung 
phuong phap nay ma "cham chi" theo loi "cay bua" thi kho khan chung ta gap phai 
qua that rat Ion, boi bat dang thuc tuong duong khi khai trien 2 ve la: 

4 (a 6 + b 6 + c 6 ) + 54J] a 4 bc + 54^ a V +150 a 2 b 2 c 2 > 27 J] a A b 2 + 54^ a 3 b 2 c 

nh in rat "khung khiep" va tham chi rat de gay nham lan. 

Qua cac vi du tren, ta thay rang "duong nhu" tat ca cac bat dang thuc d6u xay 
ra dau dang thuc khi mot so bien bang nhau. Qua that thi chung ta gap dieu do qua 
nhieu va doi khi khien ta lam tuong rang no luon phai nhu vay.Nhung trong the gioi 
muon mau cua bat dang thuc con biet bao nhieu dieu thu vi, o do co (va tham chi la 
nhieu) nhung bat dang thuc ma ddu dang thuc xay ra khi cac bien ... doi mot khac 
nhau. Be ro hon ve dieu nay chung ta cung di den vi du sau day: 



Giai: (Lbi giai sau day lay theo y cua tac gia Vasile Cirtoaje) 

Bat f(a,b, c ) = a + —— + . Khong mat tinh tong quat gia su a - min{a, b,c} 

a+b b+c c+a 

Ta se chung minh rang 
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f(a,b,c)>f(a,y[ac,c) 

a b c ^ a yfac c 

«-+-+->- = + —= -+- 

a + b b + c c + a a + yjac yjac+c c + a 

a b ^ a yfac 

-+->-,— +-'•>—- 

a + b b + c a + yjac yjac+c 

a b ^ 2 yfa 

7=-7= 

a + b b + c yja + yjc 
o(b-\fac^ (yfc-\fa^> 0 

Bat dang thuc cuoi hien nhien dung do a - min{a,&,c}. 

Gid ta chi can phai chung minh 


f(a,yfac,c)>- 

lyfa c 1 

<=*• Vr- - 7 = +-> - 

sja + yjc C + a 5 


fc [l 1 

Bat x = J— thi x e[1,3] do a,b,ce -,3 va a = min{a,&,c} 


Bat dang thuc can chung minh viet lai thanh: 


x + 1 x 2 +1 _ 5 
-2x 3 + 8x 2 -7x + 3 
5(x + l)(x 2 +1) 
(3-x)(2x 2 -2x + l) 
^ 5(x + l)(x 2 +1) 


>0 

>0 


(Dung do x e [1,3]) 

Vay bat dang thuc dupe chung minh hoan tat. Dau dang thuc xay ra khi 

Tren day la mot bai toan kha dac biet khi dau dang thuc xay ra rat lech nhau, 
va cang bat ngd hon nua khi ta co the giai no bang phuong phap don bien. Nhung 
hay suy nghT can trong lai mot chut, co the ban vira nhan thay mot dieu la lung trong 
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phep chung minh tren. Trong cac vi du ma chung ta vira xet trirac do, ta co gang 
"ep" cho hai bien lai gan nhau hoac "day" mot bien ra bien, quan trong hon la trong 
cac danh gia cua chung ta phai bao toan dieu moi lien he giera cac bien so (tong, 
tich, tong binh phuong, ...), nhung trong bai toan ban vira doc, ta lai don bien theo 
mot each kha "kho hieu" khi co "ep" b tien den 4ac , dieu nay hoan toan khong 
dam bao mot moi lien he nao ve tong, tich hay tong binh phuong ... cua a,b,c va 
phai chang ta da vi pham quy tac don bien ?!?! 


Hay dung lai mot chut de suy ngam, viec don bien nhu vay khong co gi la 
kho hieu ca. That vay, sau khi doan nhan duoc dau dang thuc cua bai toan la 

(a,b,c) = I —, 1,3 | , neu tinh y ta se nhan thay moi lien he giua a,b,c do la - = - = 3 
y3 J a b 


va b = yfac. Bay gio ta there hien phep dat x = -,y = -,z = — thi bat dang there ban 

a ' b c 


dau se dat dau dang there tai x = y = 3, z = - • Ben day chac cac ban da hieu ra mau 


chot cua van de, there chat viec "ep" cho b tien den \fac chinh la viec don bien ve 
tarn ("ep" cho x = y) va dieu nay hoan toan dam bao cac quy tac cua don bien. Vi 
du tren cho ta mot each suy nghT thoang hon ve don bien, khi ma da so cac ban khi 
ser dung phuong phap nay deu kha may moc trong viec lera chon phuong phap de 
bao toan cac dieu kien cua bien so. 


Be tranh tu tuong don bien doi voi bai toan nay ta con mot each giai khac 
nhu sau: 


Bat x = — ,y = -,z = — . The thi xyz = 1 va x,y,z e —,9 . 
a ' b c 19 J 


- , - 1117 

Bat dang there da cho viet lai thanh: - wk —+-> - 

& ’ jc + 1 y+1 z + \ 5 

Bat dang there tren la doi xung voi x, y, z nen ta co the gia ser x = min{;c, y, z }, the thi 



Ap dung bat dang there quen thuoc sau voi yz> \: 
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Be ket thuc bai viet nho nay, xin dirge dan ra mot vi du co the noi la "kinh 
dien" cua phirong phap don bien. Bai toan sau day co the da la rat quen thuoc doi 
voi nhieu ngirbi va each giai chung cung da xuat hien o rat nhieu tai lieu khac nhau. 
Nguoi viet xin duoc trich dan chung ra va mong rang cac ban se binh tinh de doc - 
suy ngam - thau hieu het net tinh tuy trong bai toan nay: 



Bay thuc su la mot bai toan rat kho doi voi nhung ai chua duoc tiep xuc tu 
trude (va tham chi no van rat kho voi nhung ngubi da xem qua ldi giai). That kho 

tudng tuong khi biet rang Max P = —— dat duoc khi 

a= ^ = ^^_^ c = 6_^3 C1 ^ n g c ^ c hoan vi. Bieu nay kha la dang ngac nhien boi 
le thong thubng cac bat dang thuc chung ta gap phai hoac co dau dang thuc tai tarn 
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hoac tai mot so bien dat gia tri d bien. Neu nhu chung ta chi sir dung cac phuong 
phap don bien thong thubng thi rat kho de co the danh gia dupe diem roi cua dau 
dang thuc ma phai sir dung phuong phap tinh te hon nhieu. Day la lire ma ky thuat 
don bien bang ham so phat huy dupe kha nang cua no. Trudc tien de cac ban co the 
lam quen va nam bat vdi Id thuat nay xin dupe neu len y tudng chinh nhu sau: 
chang han khi muon thuc hien phep don bien va dan den viec can chung minh bat 
dang thuc f(a,b,c ) > f(t,t,c ) vdi t la mot dai lupng trung binh thich hop sinh ra tir 
moi lien he giua cac bien so, ta se xet ham so g(s) = f(t+s,t-s,c) va chung minh 
rang g(s) la ham tang va khi do thi ta se co g(s) > g( 0 ) va ta suy ra dupe rang 
f(a,b,c)>f(t,t,c ) (dieu phai chung minh). Tuy rang y tudng xem qua tudng chung 
nhu rat don gian nhung de co the nam vung va van dung mot each thanh thuc ky 
thuat nay thi doi hoi cac ban phai co mot qua trinh dai kho luyen chir khong the van 
dung dupe ngay trong mot sdm mot chieu. 

Ldi giai cho bai toan sau day cua anh Phan Thanh Nam dac trung cho ky 
thuat don bien bang ham so vdi nhung ket qua tinh toan het sire dieu luyen va 
khong kem phan 'khiing khiep": 

Giai: Khong mat tinh tong quat gia sir a>b>c. Dat a = s+t,b = s-t vdi 
re[0,s-c] (Vi a>b>c) 


Xet ham so f(t) = ———— 

3 +( 5 +ty 


c(s + t ) 

3 + (s-t) 2 


s 2 -t 2 

+-— vdi t e[ 0 , 5 -c]. 

3 + c” 


Ta co / \t) = 


-c 

3 + (s + r ) 2 


2 c(s 2 -t 2 ) 

[3 + (5 + 0 2 ] 2 


c 

3 + (5 — t) 2 


2 c(s 2 -t 2 ) It 

[3+(s-r) 2 ] 2 + 3+c2 


,2 , » . . 2 , ... . 4 cst 8 cst(s -t~)(u + v) 21 

Dat u = 3 + (s + t) va v = 3+(s-t) ta co: /(c) =-+-^-r 

uv uv 3+c 


Ta cung co a+b = 2ss e[1; 1,5](do gia sir a>b>c) 


^ ^,^0-2s+s) 2 (3-s) 2 (3—1) 2 2 1 

>cs = (3-2s)s< -=-<-= — = 1. 

4 444 
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Mat khac ta co u = 3 + (s + 1) 2 > 3 + (1 + 0) 2 = 4 va 
v = 3 + (s-t) 2 >S + fi'-^-c)] 2 =3+ c 2 (do cetO^-c]) 


' 4 cst 1 

TCr cac dieu tren ta suy ra: -<- j (*) 

uv 3+c" 

Theo bat dang thCrc Cauchy-Schwarz ta co: 

mV = [3 ■+ (s + 1) 2 J [3 ■+ (s - 1 ) 2 ] > 4 4 (s 2 - 1 2 ) (1) 

8 cs(u + v)(3 + c 2 ) = 4.4cs(3 + s 2 + t 2 )(3 + c 2 ) < 4 | ^ + 3 + ^ +* + 3 + c j 

Mat khac ta co: 

4cs + 3 + s 2 + r 2 + 3 + c 2 < 4(3 - 2s)s + 6 + s 2 + (3s - 3 ) 2 + (3 - 2s) 2 = 12 + 6(5 - l)(s - 2) < 12 


(Do c = 3-2s va t 2 <s-c-3s -3) 


TCr do suy ra 8 cs(u + v)(3 + c 2 ) < 4 



= 4 4 (2) 


TCr (1) va (2) suy ra: 

Scst(s 2 -t 2 )(u + v) _ Scs(u + v)(3 + c 2 )(s 2 -t 2 ) ^ (s 2 -t 2 ) 4 4 _ 1 

mV (3 + c 2 ) mV ~~ 4 4 (s 2 -t 2 ) (3 + c 2 ) 3 + c 2 ^ 

TCr (*) va (**)taco: f\t)< — ^-7 -^-r = —^-Vl-t)<0 Vre[0,^-c] 

3 + c 3 + c" 3 + c 

Vay /(Ola ham nghich bien tren [0,s-c] suy ra fit) < /(0) Vfe[0,,s-c] 

. , , X ,, A/r , , 2cs s 2 3s(3-2s ) s 2 , , 

Gio ta chi can tim Max g(s) = f( 0) =-- +- T = —-—V +- 7 tren 

3 + s 2 3 + c 2 3 + s 2 3 + (3-2s) 

[0,1,5]. Ta co 


(6-8s)(3 + s 2 )-2s(6s-4s 2 ) 2s[3 + (3-2Q 2 ]-s 2 (8s-12) 
(3 + s 2 ) 2 + [3 +(3-2s) 2 ] 2 

108(v 2 -35 + 4)(s -l) 2 (-s 2 -35 + 6) 

(3 +w 2 ) 2 [3 +(3-2s) 2 ] 2 
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TatMy: s 2 -3s + 4 = (5-l,5) 2 +l,75>0 Vse[0;l,5]va 


-s 2 -35 + 6 


f y/33-3 V y/33+3 


2 2 


Lap bang bien thien tathay ngay Max g(s) = khi 5 = 2^3—-. 


1 1^/33 _ 45 y /33 _3 

Vay Max P = -—-xayrakhi a=b = —-—,c = 6-y/33 cung cac hoan vi. 


3. Bai tap van dung 

Bai 1. Cho a,b,c >0 thoa man a+b+c = 1. Chung minh rang: 


C a 2 +b 2 )(b 2 +c 2 )(c 2 +a 2 )<i 

Bai 2. Cho a,b,c> 0. Chung minh rang: 

2 (a 2 +b 2 +c 2 ) + abc + 8 > 5 (a + b + c) 

Bai 3. Cho a,b,c> 0 thoa man ab+bc+ca+6abc-9 . Chung minh rang: 

a+b+c+3abc>6 

Bai 4. Cho a,b,c> 0 thoa man (a-b)(c-d)< 0. Chung minh rang: 

a 4 + b 4 + c 4 + d 4 -Aabcd >17 (a-b)(b-c)(c-d)(d-a) 

Bai 5. Cho a.b.ce A thoa man a+b+c = 3. Chung minh rang: 

a 4 +b 4 +c 4 - 3 abc > 6^2 (a - b)(b -c)(c-a) 

Bai 6. Cho a,b,c> 0 thoa man a+b+c = 3. Chung minh rang: 


abc h-> 5 

a&+&c + ca 

Bai 7. Cho a,b,c >0 thoa man a+& + c = l. Chung minh rang: 
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- + - + - + 48 {ab +bc + ca) > 25 
a b c 

Bai 8. Cho a,b,c> 0 thoa man a+b+c = 3. Chung minh rang: 

8|- + - + -| + 9>10 {a 2 + b 2 +c 2 ) 

\a b c J 

Bai 9. Cho a,b,c> 0 thoa man ab+bc+ca = 3. Chung ming rang: 


a 2 +l"V+l + c 2 +l > 2 

Bai 10. Cho a,b,c,d> 0 thoa man a+b+c+d =4 . Chung minh rang: 

3 (a 2 +b 2 + c 2 + d 2 ) + Aabcd > 16 
Bai 11. Cho a,b,c> 0 thoa man abc = 1. Chung minh rang: 

a 2 +b 2 + c 2 + 9(ab + bc + ca) > 10 (a + b + c ) 

Bai 12: Cho a,b,c eD thoa man a+b+c = 3. Chung minh rang: 

a 4 + b 4 + c 4 + 2 (a 3 +b 3 +c 3 ) + 18 > 9 (a 2 +b 2 +c 2 ) 

Bai 13. Cho a,b,c> 0 thoa man ab+bc+ca- 1. Chung minh rang: 


1 1 15 

-1-1-> — 

a+b b+c c+a 2 


Bai 14. Cho a,b,c> 0 va chi co toi da mot so bang 0. Chung minh rang: 


1 

a 2 +b 2 

Bai 15. Cho a,b,c> 0 va chi co 

a 

y/a+b 


1 | 1 > 10 

b 2 +c 2 c 2 +a 2 ( a+b+c ) 2 

toi da mot so bang 0. Chung minh rang: 

b c 5 i - 7 - 

■ I ^ i y/a + b + c 

y/b + c yjc + a 4 


Bai 16. Cho a,b,c> 0 thoa man a+b + c = 3. Chung minh rang: 
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1 <3 

3 + c 2 + a 2 5 


1 1 

-o- T -o- T 

3 + a +b 3+b +c 
Bai 17.Cho a,b,c> 0 thoaman a+b+c = 1. Chung minh rang: 

2 (a 3 + & 3 +c 3 ) + a 2 + £ 2 +c 2 + 13aZ?c>l 
Bai 18. Cho a,b,c,d > thoa man a+b+c+d =4 . Chung minh rang: 

a 2 +b 2 +c 2 +d 2 +abc+bcd +cda+dab > 8 
Bai 19. Cho a,b,$M □ thoaman a+b + c = 3. Chung minh rang: 

3 (a 3 b + b 3 c + c 3 a ) +16 (ab +bc + ca)< 57 
Bai 20. Cho a,b,c,d > 0. Chung minh rang: 

a 2 +& 2 +c 2 +rf 2 +abcd + l>ab+bc + cd + da + ac+ad 
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Slf DUNG TIEP TUYEN TRONG VIEC CHlTNG MINH 
BAT DANG THlTC 


Le Cat Duong- Dang Due Hieu 

Bat dang thuc (BBT) la mot trong nhung phan kien there dac biet quan trong 
trong toan hoc noi chung va chuong trinh THPT noi rieng. Bat dang there la mot 
phan khong the thieu trong cac ki thi Toan, thi Dai Hoc, Cao Bang... 

Viec luyen tap tot ve bat dang there, giup cac ban co ter duy tot hon trong viec 
hoc tap va cai thien tot tarn ly trong phong thi (khi gap mot bai Bat dang there kho)... 

Be gop phan giup cho cac ban nam verng cac kien thuc ve bat dang thuc , van 
dung mot so ki nang, phuong phap de giai cac cac bai toan lien quan den bat dang 
there, cung nhu viec tim doc cac tai lieu viet v6 bat dang there dupe di dang hon, toi 
da tong hop va he thong ngan gon lai cac bai tap tieu bieu cua phuong phap goi la: 
Su dung tiep tuyen de tim loi giai cho chung minh bat dang thuc 

Vi nang lerc con nhieu han che nen d chuyen de co nhung thieu sot nhat dinh. 
Rat mong nhan duoc ser thong cam va gop y de chuyen de duoc tot hon: 

1. Phuong trinh tiep tuyen tong quat 

Gia ser (C)ladothi ham soy = f(x ); A(x 0 ,y 0 = f(x 0 ))e(C). 

Tiep tuyen cua (C) tai diem A co phuong trinh: 

y = f'(x 0 )(x-x 0 )+f(x 0 ) (1) 

Neu khong co gia thiet han che gi ve x 0 thi A la mot diem tuy y da cho cua (C) va 
tiep tuyen (1) la tiep tuyen tong quat cua (C), ta goi (1) la phuong trinh tiep tuyen 
tong quat cua do thi y = f(x ). 

2. Sir dung tiep tuyen de chung minh bat dang thuc 

Nhan xet : Neu y = ax+b\ a tiep tuyen do thi ham soy = /(jc) tai diemA(^ 0 ,y 0 ) 
(A khong phai la diem uon ) khi do ton tai khoang B chera diem x 0 sao cho: 
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f(x)>ax + b 

, ) [ voi VjceD. 

[f(x)<ax + b 

Dang thuc xay ra chi khi x = x 0 . 


TCrdotaco ^ j f(x,)>a^x i +bn{*) 


Hoac Y f(x i ) < aY x t +bn (**) 

\/x l ,x 2 ,...,x n G D . 

Dau dang thuc xay ra khi va chi khi x l =x 2 = ... = x n =x 0 

3. Vi du 

Vi du 1 : (RussiaMO 2002) Choa,b,c>0 va a+Hc = 3.CMR: 

\[a +*Jb+ yfc >ab +be+ ca 

Nhan xet; Du doan ddu dang thuc xay rakhi a = b = c = 1. 

Mai vao de thi ta thay bat dang thuc khong co dang (*) (**). De dua ve dang do ta 
nho den dang thuc : (a + b + c) 2 = a 2 + b 2 + c 2 + lab + 2 be + lea 

Nhan 2 roi them a 2 +b 2 +c 2 vao 2 ve bat dang thuc: 

Suy ra a 2 +b 2 +c 2 + 2yfa + 2yfb + 2y[c>(a+b+c) 2 =9 

f(a) + f(b ) + /(c) > 9 trong do f(x) =x 2 + 2y[x vdi x e (0; 3). 

Suy ra tiep tuyen do thi cua ham so tai diem x = l la y = 3x. 

Giai; 

Xet x 2 -2y[x-3x = (y[x-\} ^x + 2Vxj>0;Vxe(0;3) 

Vay a 2 +b 2 +c 2 +2y[a +2yfb +2yfc >3 (a+b + c) = (a+b + c) 2 
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Hay yfa + \[b + y[c>ab+bc + ca 

Dau dang thuc xay rakhi a = b = c = 1. 

Ta cung co the chung minh bang each sir dung bdt AM-GM nhu sau: 

Ta co: 2 (ab + bc + ca) = (a + b + c) 2 -a 2 -b 2 -c 2 

Ta can chung minh a 2 +b 2 +c 2 + 2yfa + 2yfb + 2yfc > 9 

Sir dung bdt AM-GM cho 3 so hang ta co: 

a 2 +yfa+y[a >3 a 
b 2 + Jb + Jb>3b 
C 2 +yfc +yfc >3c 

Cong ve theo ve cac bat dang thuc lai ta co dieu can phai chung minh.Dau dang 
thuc xay ra khi a=b = c = \.. 

Hay su dung bdt Holder : 

(\fa + yfb + Jc j {a 1 +b 2 + c 2 ^>{a + b + c^ =27 

Do do ta chi can chung minh : 

(a 2 +b 2 +c 2 ^(ab + bc + ca) 2 < 27 

Bat dang thuc hien nhien dung theo AM-GM : 

( 2 72 i\t i i s 2 \ a 2 +b 2 +c 2 +ab + bc + ca + ab + bc + ca 

(a' +b +c j[ab +be+ ca) < --- 

Dau dang thuc xay ra khi a=b = c = 1. 

Vi du 2 Cho a,b,c >Othoaman a+b + c = 3.Chung minh rang: 

2(a 3 + b 3 + c 3 ) + 9 > 5(a 2 + b 2 + c 2 ) 



Giai: 
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Bat dang there trd thanh f(a) + f(b) + f(c)>0 Vdi f(x) = 2x 3 -5x 2 +3, f(x)co 
pherong trinh tiep tuyen tai x = 1 la y = -4x+4. 

Ta codanh gia sau: f (a)>-4a + 4 <^>(a-l) 2 (2a-l)>0 


Terong ternher vay. Ta co: 

f(a) + f(b) + f(c)>-4a + 4-4b + 4-4c + 4 
» (a - 1) 2 (2a -1) + (b - 1) 2 (2b - 1) + (c - 1) 2 (2c -1) > 0 
o(2a-b-c) 2 (2a-l) + (2b-c-a) 2 (2b-l) + (2c-a-bf(2c-l)>0 
<=> a(a-b)(a-c) + b(b-c)(b-a) + c(c-a)(c-b)> 0 


Bay chinh la bat dang there Schur bac 3. Ket thuc chcmg minh. 
Dau dang there xay rakhi a=b = c = \. 

Vi du 3 : Cho a,b,c la do dai ba canh tam giac. Chung minh rang: 


1 1 1 


- > 4-f—-—i—-—i—-—1 
:: \a + b b + c c + aj 


a b c a+b+c 

Nhan xet; Vi day la bat dang there thuan nhat nen ta co the chuan hoa a+b + c = 1 
Bat dang there trd thanh 

1 1 1 1 1 1 
a b c 'yl — c 1-a 1 -b 


<=> 


4 

1 -a 


T 

a 


4 

l-b 



<9 


*>f(a) + f(b) + f(c)< 9 


rp ,, ,/ X 4 1 5JC-1 

Trong do / (x) = -=- - 

l-x x x-x 


Dau dang there xay rakhi a = b = c = - 


Pherong trinh tiep tuyen cua do thi y = f(x) tai x = ^ la : y = 18x-3. 
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Giai; Khong mat tinh tong quat ta gia su a+b+c = 1 
Bat dang thuc trd thanh 



<9 


Ta se chung minh: 


4 1 

18a-3 >- 

1 -a a 


Hay 


(3a-l) 2 (2a-l) 

«(!-«) 


<0 (*) 


Vi a,b,c la 3 canh tam giac thoa man a+b+c = l.Gia sir a = max{a,b,c}. Theo bat 
dang thnc tam giac, ta co: l = a+h+c>2a=>a<^. Suy ra a,b,ce( 0;^j Do do (*) 


dung hay 18a-3 >- 


1 


1 -a a 

Cong ve theo ve cac bat dang thnc tuong tu: 


4 14 14 1 

m — +-+-<18a-3 + 18fr-3 + 18c-3 = 9 

1 -a a 1 —b b 1-c c 


Kct thuc chung minh.Dau dang thuc xay rakhi a=b = c 
Vi du 4 : Vdi cac so thuc khong am tuy y co tong bang 3 .Chung minh bat dang thuc 
1 1 1 


a~-a + 3 b -b + 3 c -c +3 


-<1 


Huong dan: 

Bat dang thuc tren tuong duong vdi ——--+ -+ —r— -^ 1 

a —a + 3 b —b + 3 c — c + 3 

Ta nhan thay ddu bang xay ra <=> a = b = c = lva bat dang thuc da cho co dang 

f(a) + f(b)+f(c)< 1 trong do f(x) = — —--. Tiep tuyen cua do thi ham so 

x"-x + 3 

4 — x 

y = f{x) tai diem co hoanh do x = 1 la y = ——. Ta co 
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/ (x) - -—— = < o (dung vai xe(0;3)) 

9 9(x~-x + 3J 


=>/ v6ri ^e(0;3) (*) 


Ap dung (*) ta co 


^4 -a 4 


a 2 -a + 3 b 2 -b + 3 c 2 -c + 3 


b 4-c s 

— +-= 3 (dpcm) 

9 9 


Dau dang thuc xay ra khi va chi khi a = b = c = \ 

Nhan xet: bai nay chung ta co the giai bang ki thuat phan tach Chebyshev 
Chung ta co phan tich sau 

l i_ «(«-!) 
a 2 +b+c 3 3(a 2 -a + 3) 


Bat dang thuc can chung minh tuong duong 


u^- 1 ) | b(b-\) | c(c-l) ^ 
a 2 -a+ 3 b 2 -b + 3 c 2 -c + 3 


i 3 , i 3 

q-l + — b-1 + 
a b 


Gia sir a>b>c . Khi do ta co 


Va a + & + c = 3nen ab,bc,ca<3. Do do 

a-l+- b- 1+- c-l + - 
a b c 

Ap dung bat dang thuc Chebyshev cho 2 day tren ta co dieu phai chung minh 
Dau dang thuc xay ra khi va chi khi a=b = c = 1 
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Vi du 5 : Cho cac so derong a,b,c- Chung minh rang 


a 2 + b 2 + c 2 > a + b + c 
a+b b+c c + a 2 


b) 


Huong dan 


a 3 + b 3 + c 3 > a+Z? + c 
a 2 +b 2 b 2 +c 2 c 2 +a 2 2 


a, Ta xet ham so f( a ) = —— co f'(a) = a + 2a f 
W « + 6 7 (a + Z>) 2 

Ta nhan thay dau bang xay rakhi a =b. Luc do ta se danh gia 
f (a)> f'(b)(a-b) + f (b). Ta co 


3a ~b 
a + b ~ 4 




(a-bl 

4 (a + b) 


> 0 (dung) (*) 


Ap dung (*)ta co: 


3 a-b 3 b-c 3 c-a a+b + c 


a+b b + c c+a 4 4 4 2 

Dau dang there xay ra khi va chi khi a = b = c 


(dpcm) 


b, Ta xet ham s6 / (a) = ® ^ 2 co /'(«)= ^ ■ Ta s ® 




f(a)>f'(b)(a-b)+f(b). Ta co 

a 3 ^2a-b b(a-bf 

->-<=> —-- — 

a 2 +b 2 2 l{a 2 +b 2 

Ap dung (**)ta co: 


>0 (dung) (**) 


2 a-b 2 b-c 2 c-a a + b + c 


a 2 +b 2 b 2 +c 2 c 2 + a 2 2 2 2 2 

Dau dang there xay ra khi va chi khi a = b = c 


(dpcm) 
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Nhan xet: Bai toan nay chung ta da sir dung tu tudng cua phuang phap he so bat 
dinh (UCT). Bay la mot dang cua phuang phap tuyen tuyen. Chung ta se di them 1 
bai toan de co the co the cung co duoc phuang phap nay 

Vi du 6 Cho a,b,c,d la cac so thuc duong thoa man a+b+c+d = 4. Chung minh 
rdng 

1111 

a 2 + l b 2 +1 c 2 +l d 2 +1 

Huong dan: 

Dau bang xay ra khi a = b = c = d = 1 va bat dang thuc chung minh co dang 

f(a)+f (b)+f (c )+/ ( d )> 2 trong do /(x) = ^ - . Tiep tuyen cua do thi ham so 

, 2-x 

y = f (x) tai diem co hoanh do x = 1 la y = — 

^ _ V* 

Ta se danh gia: / (x) > . Ta co: 


/ w*- 


*(*-1 ) 2 


> 0 (dung) (*) 


Ap dung (*) ta co 


1 1 1 1 ^ 2—a 2-b 

a 2 +1 b 2 +1 c 2 +l d 2 +l~ 2 2 


2—c 

2 


+ ~~ = 2 (dpcm) 


Dau dang thuc xay rakhi a = b = c = d = 1 

Nhan xet: Bai toan nay chung ta cung co the tim duoc bat dang phu bang phuang 
phap UCT va ki thuat AM-GM nguoc dau 

Cach 2: Dung phuang phap UCT 

Ta se xac dinh he so m de bat dang thuc sau la dung 

^>l + »(a-l)o(a-l)(-^i-«)>0 
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Khi a = 1 ta se co — 2 — = -1 => m = -1. Ta dir doan bat dang thuc sau dung: 
a +1 


2 a(a-l) 

— >2 — ^->0 
a 2 +1 a 2 +1 


Tirong tu vai cac bien con lai ta cung co: 


2 

b 2 +1 
2 

c 2 +1 
2 

Z+l 


>2 -b 
>2-c 
>2-d 


Cong ve theo ve cac bat dang thuc cung chieu ta co dieu phai chung minh 
Dau dang thuc xay rakhi va chi khi a = b-c = d = 1 
Cach 3 : Su dung ki thuat AM-GM nguoc dau: 


Ta cophan tichnhu sau — = 1—^—>1-— = 1- — 

a 2 +1 a 2 +1 2a 2 

Cac bien con lai tuong tu. Cong ve theo ve cac bat dang thuc cung chieu ta co dieu 
phai chung minh 

Dau dang thuc xay rakhi va chi khi a = b = c = d =1 


Bai 5: Cho a r a 2 ,...,a n la cac so thuc khong am thoa man ^a ; = n . Chung mi nh: 

f a < < ” 

“T3a 2 +5 8 

Hirong dan: 

Dau bang xay ra khi a l =a 2 =... = a n = 1 va bat dang thuc chung minh co dang 

(a,.) < —. Tiep tuyen cua do thi ham so y = f (x) tai diem co hoanh do x = 1 la 

i =i 8 

y = ^-^~ . Ta sedanh gia 
y 32 B J y J 32 
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Ta co: 


,/ v *+3 (5 + x)(x-l) 2 

/( %° 32(^j ^ung)C) 


Ap dung (*)taco 


y a i < y 

tf3a 2 +5 tr 32 


a ; + 3 _ n + 3n _ n 
32 _ 8 


Ket thuc chung minh.Dau dang thuc xay rakhi va chi khi a x = a 2 =... = a n = 1 

Nhan xet: Bai nay chung ta co the su dung phuong phap UCT ( he so bat dinh ) de 
tim ra bat dang thuc phu 

Ta se tim he so m sao cho 


—<l + m (g l)o ( 5 3a ')(°‘ 1 t iw (a,-l) 
3a, 2 +5 8 ! 8(3a 2 +5) '' ’ 


Ta du doan rang voi m = — thi bat dang thuc phu tren la dung. That vay: 


a t < 1 a t -1 
3a, 2 +5 “8 32 


(5 + a,)(a,-l) 2 „ 

8 (3a, 2 +5) 

Bieu nay hien nhien dung. Dau dang thuc xay ra khi va chi khi cac bien bang nhau 
va bang 1 

Vi du 7 (USA MO 2003) 

Cho a,b,c la cac so thuc duong. Chung minh rang 

(2a + Z? + c) 2 + (2b + c + ay + (2 c + a + b) 2 
2a 2 +(Z? + c) 2 2 b 2 +(c + a) 2 2 c 2 + (a + b) 2 


Huong dan: 

Khong mat tinh tong quat gia sir a+b+c = 1. Khi do ta co bat dang thuc can chung 
minh tuong duong voi 
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(« + l) 2 , (^l) 2 , (^ + 1) 2 

2a 2 +(l-a) 2 2b 2 +(l-b) 2 2c 2 +(l-cf 

Dau bang xay ra khi a =b = c = ^ va bat dang there can cherng minh co dang 

f(a)+f(b)+f(c)< 8. Tiep tuyen cua do thi ham so y — f ( X ) tai diem co hoanh 

a- 1 i' 12x + 4 „ w \ 12x + 4 

do x = - la y = —-—. Ta se danh gia / (x) < —-— 

Ta co 


12x + 4 _ (x + l) 2 12x + 4 _-(4x + l)(3x-l) 2 

3 2x 2 +(l-x)“ 3 2x 2 + (l-x) 2 


Suy ra /(x)<—-—(*) 


Ap dung (*)ta co 

(a + 1) 2 (b + lf (c + 1) 2 12a+ 4 126 + 4 12c + 4 „ 

2a 2 + (l-a)“ 2b 2 +(l-bf 2c 2 +(l-c)" 3 3 3 

Bat dang there dirge cherng minh.Dau dang there xay ra khi va chi khi a = b = c 


Vi du 8: Cho x,, x 2 , x 3 , 


,x > 0 thoa man V x. = 1 .Chung minh rang: V x i+ n < 
“t i=\ X,~ + 1 


Day la mot bai toan co so hrong bien so tong quat va thoat nhin qua mot so 
ban se cam thay lo so. Nhemg hay cer binh tinh va ap dung cac phuong phap ma ta 
da biet, va there te bai toan tren co the giai quyet rat dep mat bang phuong phap tiep 
tuyen nhu sau: 


Loi giai 1 : Du doan duoc dau dang there xay ra khi cac bien doi mot bang 
nhau va bang — va vi the nhu cac vi du tnrbc ta se hi vong rang co danh gia: 


<n+k I x f — — I (*) vdi k la mot he so nao do (Viec xuat hien cua he so k la 
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ho an toan tu nhien boi neu ta danh gia ngay -+— < n thi se khong the luon dung 

xf +1 


dugc). 


f 1 

nx j I — x ; 


Bat dang thuc (*) tuong duong voi —^- -<k\ x ; - - j <» [ - -x. II + k |<0 

xr+1 { n) \n J r + 1 1 


Ihay gia tri dat dau dang thuc cua x vao ta du doan duoc k = ——. 

n~+l 


^ ^ , , , , . , x+n n 

Ta se thu chung minh -A— < n —-— 
5 xf +1 n 2 +1 


That vay dieu tren tuong duong voi 

x+n n 2 ( n _ _ 

-A- n + — - x — <0 

x +1 n +1^ n) 


xn“+x-nx -n 


{xf +l)(n +1) 


>—-<o 


(x 2 +l)(n 2 +l) 

Bat dang thuc cuoi hien nhien dung do x < 1 < n Vi 

Xay dung cac bat dang thuc tuong tu va cong lai ta co dieu phai chung minh. Dau 

dang thuc xay rachi khi x l =x 2 =... = x n = —. 

n 

Loi giai 2: Ngoai viec ap dung true tiep phuong phap tiep tuyen nhu tren ta 
con co mot ldi giai khac kha kho cho bat dang thuc tren nhu sau: 

Ap dung bat dang thuc Chebyshev cho 2 bo so don dieu nguoc chieu (x ; . + n) va 


1 

xf +1 


X + n 1 1 1 1 

> -A-<-> (x+n)> r-=---> — - 

~^x;+l n~f l^xf+l n{n + l)“fx 2 +l 
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Va do do ta chi con phai chirng minh 


inh rang: V —-— < —^—. 
ttxf+1 n 2 +1 


Vdi n = 1 hien nhien ta co dieu phai chung minh. 


Vdi n = 2ta can chung minh —-— + —-— <-o\ab 
a 2 +1 b 2 +1 5 


4)H) so 


Bat dang there tren dung theo AM-GM : ab < + ^ = — < -. 


Vay ta co dieu phai chimg minh. Dau dang there chi khi a = b = -. 


n J 

Vdi n > 3ta se chung minh V —— < ——. Sir dung danh gia: 
7 Y Xj +1 n +1 


I n 2n(nx i -\) 


xf+l n +1 (n +1)' 


— <^> (nxf -1) (n -2 nx i -1) > 0 (**) 


Do X;<1<« V/ nen ta co n 2 -2njc,.-l>n 2 -2n-l = (n-l) 2 -2>(3-l) 2 -2>0. Vay 
bat dang there (**) dung suy ra danh gia cua chung ta dung. Xay dung cac bat dang 
there tuong ter va cong lai ta co dieu phai cherng minh. 

Qua cac vi du tren at han cac ban da nam duoc tu tuong cua phuong phap 
nay. Vdi cac bai toan ma bat dang there can chung minh bieu dien d dang tung ham 
so rieng biet doi vdi cac bien thi viec sir dung true tiep phuong phap danh gia bang 
tiep tuyen thudng cho ta ngay mot ket qua dep mat. Tuy nhien khong phai bao gid 
chung ta cung co the chung minh bat dang thirc mot each de dang nhu vay, d rat 
nhieu bai toan khac chung ta khong the di den ket qua bang phuong phap tiep tuyen 
thong thudng ma con phai thong qua cac bude bien doi hoac danh gia bang cac bat 
dang thirc quen biet trude, vi du sau se lam ro dieu nay: 

Vi du 9: Cho a,b,c >0 thoa man a 4 +b 4 +c 4 = 3. Chung minh rang: 

1 1 1 

4 -ab 4 -be 4 -ca 

Ro rang ta khong the sir dung ngay phuong phap tiep tuyen va ca UCT do 
bieu thirc con chira tich cua 2 bien so, chinh vi the ta se tim each "ndi" moi lien he 
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nay ra dl co the d! dang danh gia theo tirng bien rieng biet, va each chung ta dung a 
day se la bat dang thuc AM-GM va Cauchy-Schwarz. Su dung bat dang thuc AM- 
GM ta co: 


1111 1 1 
-1-1-J- T "1-J- — "1- o - T~ 

4 -ab 4 -be 4-ca . a +b . b +c . c +a 

4 -4-4- 

2 2 2 
2 2 2 
8 -a 2 -b 2 S-b 2 -c 2 8-c 2 -a 2 

Tiep tuc sudung bat dang thuc Cauchy-Schwarz ta co: 

2 4 1 1 

8 -a 2 -b 2 ~ 8-2a 2 + 8-2b 2 ~ 8-2a 2 + 8-2b 2 

Xay dung cac bat dang thuc tuong tu va cong lai ta duoc: 

2 2 2 1 1 1 
8 -a 2 -b 2 S-b 2 -c 2 8 -c 2 -a 2 4-a 2 4-b 2 4-c 2 

Toi day cac bien so da duoc tach nhau ra mot each rieng biet va ta co the su dung 
danh gia sau: 

1 ^ 1 a 4 -1 

4-a 2 _ 3 + 18 
^ (q-l) 2 (a + l)V-2) <0 
18(2-a)(2 + a) 

Do a 4 +b 4 +c 4 = 3 => a,b,c e [0;-\/3] suy ra (*) luon dung. Ap dung cac bat dang thuc 
tuong tu roi cong lai ta co dieu phai chung minh. Dau dang thuc chi khi 
a = b = c = 1. 

Qua cac vi du vua roi, khong it ngubi se tuong chung viec su dung tiep tuyen 
de chung minh bat dang thuc kha la don gian vi ta chi can tim duoc tiep tuyen cua 
do thi y = f (x). Nhung khong, do chi la mot buoc khoi dong truoc khi di vao diem 
kho cua phuong phap nay. Cu the, trong mot so lap bai toan, ngoai viec tim duoc 
tiep tuyen, chung ta con phai phan chia nhieu truong hop thi bai toan moi duoc thoa 
dang. Hay xem mot s6 vi du duoi day: 

Vi du 10 Cho x, y, z > 0 thoa man x + y + z = 1. Chung minh rang: 
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10(x 3 + y 3 + z 3 )-9(x 5 + y 5 + z 4 )>l 


Nhan xet; 

Be y rang dau dang thuc xay ra ngoai bo x = y = z = ^ thi con co bo x = 1; y = z = 0. 

Chinh dieu nay da gay nen diem kho khan cho bai toan. Chung ta hay xem xet lbi 
giai sau day: 

Bang viec su dung phuong phap U.C.T , ta du doan co bat dang thuc sau: 

10x 3 -9x 5 >—x- — (1) 

9 27 

» (3x -1) 2 (27x 3 +18x 2 - 21x -16) > 0 

Khac vbi nhung vi du dau tien thi ro rang la bat dang thuc vua thu dupe khong phai 
luon dung. Tinh dung dan cua no phu thuoc vao ddu cua 

/(x) = 21 x 3 + 18x 2 -21x-16 

DU _ , ^145 + 30^6 25 2 9 

Phuong trmh / (x) = 0 co nghiem x 0 = ---- . _ - - « — 

9 9^145 + 3076 9 10 


Khong mat tinh tong quat, gia sir x = max{x\ y;z } .Xet 2 trubng hop: 

• Trubng hop 1. Trong 3 soco 1 sb e^;lj,hay xe|^;lj 

flOx 3 -5x 5 >5 
^y,z => 10y 3 -9y 5 >0 

L J [l0z 3 -9z 5 >0 

Do do ta can chung minh 4 > 4x 5 hay x < 1 ( dung) 

• Trubng hop 2: x, y, z e |"o; —1. Khi do, ap dung bat dang thuc (1) ta co: 
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10x 3 -9x 5 > —x- — 
9 27 




25 16 

— x - 

9 27 


9 27 


Hay 10(x 3 + y 3 + z 3 )-9(x 5 + y 5 +z 4 )>l 


Ket thuc chung minh. Dau dang thuc xay rakhi x = y = z = - ; jc = 1; y = z 
cac hoan vi tirang ting . 


= 0 cung 
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PHlTONG PHAP NHAN TU* LAGRANGE 


1. Or so 1 !! thuyet 


Nguyen Tran Duy - Mai Xuan Son 


- Cue tri co dieu kien cua ham hai bien f (x; j) la cue tri cua ham nay voi dieu 
kien rang buoc S(x, y) = 0 . 

- Be tim cue tri cua ham tren khi co dieu kien rang buoc, ta thiet lap ham nhan tu 
Lagrange 


L ( x;y;x) = f (x; y) + L8(x; y) 

Voi lam mot nhan tu hang chua xac dinh, goi la nhan tu Lagrange. 

Dieu kien can cua cue tri la he ba phuong trinh 

\L' x (x, y,A) = f' x (x, y) + A.S' X (x,y) = 0 
| L\(x, y,A) = f \(x, y ) + A.S\(x,y) = 0 (*) 

y) = 0 

Bac tinh cua cue tri co dieu kien co the giai bang each xet ddu vi phan cap 
hai cua ham Lagrange tai diem P () (x 0 ,y () ) va /l 0 vai x 0 ;y 0 ;A 0 la nghiem cua he diem 
dung, hoac xet mot bo (x,; y,) khac thoa man dieu kien roi so sanh /(x 0 ;y 0 ) voi 
/ ( x p ) de kiem tra diem dung la cue dai hay cue tieu. 

- Khi giai mot bai toan su dung phuong phap nhan tu Lagrange, ta thuc hien cac 
buoc co ban: 

1. Thiet lap ham Lagrange. 

2. Giai he phuong trinh (*) de tim diem dung. 

3 .Xet bo (xj; y t ) khac thoa man dieu kien r6i so sanh / (x 0 ; y 0 ) voi / (x t ; y x ) 

Ta cung xem xet cac vi du sau 
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2. Mot so vl du 

Vi du 1 : Voi x, y duang thoa man x 3 + y 3 = 10. Hm gia tri lan nhat cua: x 2 + y 2 

Giai 

Thiet lap ham Lagrange L(x, y. A) = x 2 + y 2 + A(x 3 + y 3 -10) 

{2x + 3 Ax 2 = 0 

Diem cue tri la nghiem cua he < 2y + 3 Ay 2 = 0 
I jc 3 + y 3 = 10 


TCr phuang trinh thu nhat va thu hai ta suy ra 


2x 

3x 2 


2y 

3y 2 


= -2 


Ta co cue tri xay ra khi va chi khi x = y , tu day co diem dung 



Gia tri lan nhat cua x 2 + y 2 la 2>/25 . (x 2 + y 2 ) 3 <(l + l)(x 3 + y 3 )(x 3 + y 3 ) 

Chu y: Vai vi du nay, dau bang xay ra tai tarn nen khong kho de ta co the nghi ra 
each giai sau: 

Theo bat dang thuc Holder: 

(x 2 + y 2 ) 3 < (1 +1) (x 3 + y 3 ) (x 3 + y 3 ) = 200 
=> x 2 + y 2 < 2^25 


Ta cung xet mot vi du don gian nua sau day 

Vi du 2 : Cho a,b,c,d >0thoka+b+c+d = 2. Tim Min P = a 2 +2b 2 +2c 2 +3d 2 

Loi giai 1 


Thiet lap ham Lagrange 

L(a,b,c,d,A ) = a 2 + 2b 2 + 2c 2 + 3d 3 -A(a + b + c + d-2) 
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Diem cue tri la nghiem cua he 


2a-A = 0 
4b-A = 0 

4c-A = 0 tuong duang vai: 
6d-A = 0 
a + b + c + d = 2 


6 

a = — 
7 


3 

c = — 
7 

d = - 
7 

7 


Khi do P = — 

7 

Ketluan. Min P = — tai a = -;b = -;c = -;d = - 
7 ' 7 7 7 7 

Chu y rang sau khi biet giatri Min cua P xay ra a bo a=^;b = ^;c = ^;d = ^ 

bang phuong phap nhan tu Lagrange thi co the nghi ra each loi giai sau: 

Loi giai 2 

Ta thay 

HM A “fI + 2 Hl + 3 HJ-° 

2 ,, 2 12, , \ 84 12 84 12 

o a +2b +2c +3d >—(a + b + c + d) = —.2 = — 

7 v ; 49 7 49 7 


Hoac khong su dung nhan tu Lagrange, ta co the dung phucmg phap diem roi AM- 
GM. 


Ta can co a, fi,y, A duong de thuc hien cac phep danh gia sau bang AM-GM: 

a 2 +a> a.2yfa 
2b 2 + P>b.2 ftp 
2c 2 + y> c.2-^2y 
3d 2 + A>d.2^3A 

=> a +2b +2c +3d > a.2-Jcx + b.2yj2/3 + c.2^j2y + d.2yj3A — (cc + fi + y + A) 
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Be sir dung dugc dieu kien a+b+c+d = 2, ta din co 2 yfa = 2^2fi = 2^j2y = 2s[3A 
^a = 2j3 = 2/=3A(l) 


Ma theo dieu kien dau bang cua bat dang thuc AM-GM 


a 2 = a 
2 b 2 = j3 

2 c 2 = r 

3 d 2 =A 


( 2 ) 


Thay (2)vao (1): a 2 = 4b 2 = 4c 2 = 9d 2 Chuyrang a,b,c,d >0 nen a-2b = 2c = 3d 


TCr do cung voi a+b+c+d =2thi a = -\b = -\c = -\d = - 
7 7 7 7 

Qua cac bai toan tren, ta da thay dugc su tien lgi khi su dung phuong phap 
nhan tu Lagrange. Nhung se co y kien cho rang phuong phap Lagrange chua that su 
thuyet phuc, vi su dung cac phuong phap don gian hon van co the giai quyet mot 
each nhanh chong, nhung voi nhung bai toan co dieu kien dau bang phuc tap, cac 
phuong phap khac lap tuc se gap kho khan, xet bai toan sau 

Vi du3: (British Mathematical Olympiad 1996) 

Cho a,b,c thuc thoa man a+b+c = Ova a 2 +b 2 +c 2 =6 . Tim gia tri Ion nhat 
cua bieu thuc : 


A = a 2 b+b 2 c+c 2 a 


Nhan xet; Voi loai bai toan co dieu kien nhu the nay, nhan tu Lagrange to ra vo 
cung huu hieu. Ta cung tham khao ldi giai sau: 


Xet ham nhan tu Lagrange 


L(a,b,c,A l ,A 2 ) = a 2 b + b 2 c + c 2 a + A l (a + b + c) + A 2 (a 2 +b 2 +c 2 -6) 


Diem cue tri la nghiem cua he 


2 ab + c 2 + Tj + 2A 2 a = 0 
2 be + a + Tj + 2AJb = 0 
2 ca + b + + 2A^c = 0 

a+b+c =0 


a 2 +b 2 +c 2 = 6 
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Cong ve theo ve cua ba phuong trinh dau tien lai, ta dugc 


( a+b + c ) + 3/lj + 2A^(a +b + c) — 0 <=> — 0 


Tu do 


lab + c 2 + 2 A 2 a = 0 
Ibc + a 2 + 2/t 2 b = 0 
2 ca + b 2 +2A 2 c = 0 
a+b+c =0 
a 2 +b 2 +c 2 = 6 


„ lab + c 2 lbc + a 2 2ca+b 2 , , * 

Suy ra: -=-=-(quy uoc mau bang 0 thi tu bang 0) (*) 

a b c 

Ta da tim dirge dieu kien xay ra dau bang cua bai toan nay, tu day co the su dung 
Cauchy Schwarz nhu sau 


^a^lab + c^ + b^lbc + a^ + cilca + b 2 ^ <[a 2 +b 2 + c 2 ^[lab + c 2 ^ + {lbc + a 2 ) + (lca + b 2 ^ j 
Lai co a{lab + c 2 ^ + b{lbc + a 2 ^ + c{lca+b 2 ^ = ?>(a 2 b + b 2 c + c 2 b^ 

Va (lab+c 2 ^ + {lbc + a 2 ^ +(2ca + a 2 ) = 2(ab +be + ca) 2 + (a 2 +b 2 +c 2 ) 2 =54 
Do do A < 6. 

Gio ta can giai tim dieu kien dau bang xay ra voi bo a, b, c nhu the nao. 

Ta co: 

2 ab+c 2 _2bc+a 2 _2ca+b 2 
a b c 

_ (2 ab + c 2 ) 2 _(2 bc + a 2 ) 2 _(lca + b 2 ) 2 _ (lab + c 2 ) 2 + (lbc + a 2 ) 2 + (lea+ b 2 ) 2 
^ a 2 ~ b 2 ~ c 2 ~ a 2 +b 2 + c 2 

lab + c 2 _ Ibc + a 2 _ lea + b 2 _ + ^ 
a b c 

Lai co 
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lab + c 2 _ Ibc + a 2 
a _ b 

=> lab 2 + c 2 b = labc + a 3 

=> -lb 2 (b + c) + c 2 b = -lbc(b + c) + (6-b 2 - c 2 )(-b - c ) 

=> Ibc 2 +6b + 6c = 3b 3 + Z? 2 c + c 3 

Xay dung 2 dang thuc tuong tu roi cong lai, ta dugc 

Ibc 2 + lea 2 + lab 2 = 4(a 3 + b 3 + c 3 ) + b 2 c + c 2 a + a 2 b = 4(a 3 + b 3 + c 3 ) + 6 
=> +cu + = 2(u 3 + Z? 3 + c 3 ) + 3 (1) 

2aZ?+c 2 lbc + a 2 lca+b 2 . 

Vai -=-=-= 3 

a b c 

Ta co 


lab + c 2 = 3a 
=> lab 2 + c 2 b = 3 ab 

Xay dung cac dang thuc tucmg tu roi cong lai ta dugc 

, 0,0 o , , (a + b + c) 2 -a 2 -b 2 -c 2 

ab~ +bc~ +ca~ =ab+bc + ca = - --- 


= -3 (2) 


TCr (1) va (2)ta co a 3 +b 3 +c 3 =-3 


lab+c lbc+a lca+b . 

Voi -=-=-= -3 

a b c 


Tuong tu tren ta co a 3 +b 3 +c 3 = 0 


Tong hgp lai ta co he 


a+b+c =0 
a 2 +b 2 +c 2 = 6 

a 3 +b 3 + c 3 = -3 
; <=> 
a+b+c =0 

a 2 +b 2 +c 2 = 6 
a 3 +Z? 3 +c 3 =0 


a+b+c =0 

(Z? + c) 2 +Z? 2 +c 2 = 6 

-(b + c) 3 +b 3 +c 3 =- 3 

a+Z? + c = 0 

(Z? + c) 2 +Z? 2 +c 2 = 6 

-(b + c ) 3 +b 3 +c 3 =0 


a+b+c =0 
Z? 2 +c 2 +bc = 3 
bc(b + c) = 1 
a+b+c =0 
b 2 + c 2 +be = 3 
bc(b + c) = 0 


Xet he (I) 
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a+b+c = 0 


{ a+b+c =0 
b 2 + c 2 + be = 3<^> 
bc(b + c) = 1 

Mot each tirong tvr, ta co a,b,c lan luot la ba nghiem cua da there fix) = x 3 -3x+l 

[/(-!)/(-2) <0 
Ta tMy | /(-1)/(1) <0 

[mm <0 


]z? 2 +c 2 - — = 3=>a 3 -3a + l = 0 
a 

a&c = -1 


Nen 3 nghiem cua /(jc)thuoe khoang (-2; 2). 
Ter do dat x = 2cos« xet a e (0;;r), ta co: 


8 cos 3 a - 6 cos a +1 = 0 
2cos3 a = -1 

2k . In 
o a = — + k — 

9 3 


ae(0;^) nen ta co 3 nghiem jc = 2cos^;jc = cos^; 


’,x = 


8 n 

9 


ia + b + c = 0 l~a = 0 

Xet he (II) \b 2 +c 2 +bc = 3^ b = 0 
[&c(£ + c) = 0 c = 0 


TCr quy uoc (*) ta suy ra mot trong 3 so bang 0 thi ea 3 so bang 0, trai dieu kien 
a 2 +b 2 +c 2 =6 

Ketluan: A< 6. Dau bang xay rakhi va ehikhi a = 2cos^-;b = cos^;c = cos^~ 
va eae hoan vj vong quanh tuong erng. 

Qua vay dieu kien dang there cua loai bai toan nay rat phere tap, viec tim ra 
no bang eae each giai so cap la khong kha thi, phuong phap nhan ter Lagrange duoe 
dua ra ehinh de giai quyet van de dieu kien dau bang, du phere tap den dau eung 
tuong minh tron ven. 

Vi du 4 : Cho a,b,c e0 thoa man a 2 +b 2 +c 2 =1 Tim GILN cua 


P = |a 3 +b 3 +c 3 -abc\. 
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Nhan xet : Truac khi giai quyet bai toan nay, ta co nhung nhan xet sau day: 

Bat bieu thuc ben trong dau gia tri tuyet doi la Q thi Q nhan ca cac gia tri am 
va dirang vai dieu kien bai toan. Tir do maxP = max{|min<2|,|max<2|} 

Vi vay co the di theo con duong sau: tim gia tri Ion nhat, nho nhat cua Q roi 
so sanh gia tri tuyet doi cua chung. Huong di nay lam ta nghi den phuong phap 
nh an trr Lagrange de tim cue tri cua ham nhieu bien co dieu kien. 

Giai 

Chuyen bieu thuc Q sang an p,q,r(p =a +b +c;q =ab +bc -tea r =abc ) ta co 
Q = p 3 -3pq + 2r 

Xet f(r) = Q, ta co /( r ) la ham don dieu tren □ nen theo dinh li ABC, gia tri nho 
nhat va Ion nhat dat khi ba so a,b,c co hai so bang nhau. 

Gia su a = b , khi do Q = 2a 3 + c 3 - a 2 c voi dieu kien rang buoc 2 a +c 2 = 1 

Xay drmg ham Lagrange L = 2a 3 + c 3 - a 2 c + 2(2 a 2 + c 2 -1) 

f6a 2 -2ac + 4a2 = 0 

Diem dung langhiem cua he \ 3c 2 -a 2 + 2cA = 0 
2a 2 +c 2 =1 


Xet khi a = 0 thi a = 0,b = 0,c = ±1 va P = 1 


1 Jl 

Khi c = 0thi a = b = ±—j=,c = 0 va P = — 

P 2 


Khi a,b,c khac 0, tu he diem dung ta co 

6a 2 -2ac 3 c 2 -a 2 


4 a 2c 

>4c 2 -3 ac-a 2 =0 
> (a-c)(4c + a) = 0 

>r° =c 

a = -4c 


Ket hap 2a 2 +c 2 = lta co 
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So sanh cac gia tri cua P ta thu dirge: maxP = 1 

Ketluan : maxP = l tai bo (a,b,c) = {(0;0; 1),(0;0; —1)} va cac hoan vi. 

Chu y: ta co the giai bai toan nay bang lbi giai so cap hon, tham khao each lam cua 
mot thanh vien diendantoanhoc.net nhu sau: 

Sir dung bat dang thuc Cauchy Schwarz: 

{^\a 3 +b 3 +c 3 -abc^ =(a 3 +b 3 + c 3 -abc) = [a 3 + b 3 + c(c 2 - ab)j 
< ( a 2 + b~ + c 2 )[a 4 + b 4 + ( c 2 — ab) 2 J 
= a 4 + b A + c 4 - 2 c 2 ab + a 2 b 2 

Ta co danh gia sau: 

(a+b) 2 > 0 

=^> a 2 +b 2 > -lab 

=> ac 2 +b 2 c 2 > -2 abc 2 

Vi the 

a 4 +b 4 +c 4 -2c 2 ab + a 2 b 2 <a 4 +b 4 +c 4 + a 2 b 2 +b 2 c 2 +c 2 a 2 
<a 4 +b 4 +c 4 +2(a 2 b 2 +b 2 c 2 +c 2 a 2 ) = (a 2 +b 2 +c 2 ) 2 = 1 

Vay P < 1, dang thuc xay ra khi va chi khi a,b,c la mot hoan vi cua mot trong hai bo 
(0,0,1) va (0,0,-l) 

Loi giai so cap tren rat dl hieu nhung de co duoc lbi giai dep nay, thuc su 
ngubi lam toan can co mot ki nang danh gia dieu luyen, bbi co nhung bubc danh gia 
kha thieu tu nhien, nhu bubc a 2 b 2 +b 2 c 2 + c 2 a 2 < 2(a 2 b 2 +b 2 c 2 +c 2 a 2 ) . Do vay du day 
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la loi giai so cap, nhimg viec nghT ra lbi giai nay vo cung kho khan, It nhat la bang 
each nao do, ta phai biet trade di6u kien dang thuc cua bai toan. 


Vi du 5: Cho x, y, z khong am thoa x + y + z = 


\ 

9 


Jim Min va Max cua 


P = x 2 +2y 2 +3z 3 . 


Thiet lap ham nhan tu Lagrange L(x, y, z) = x 2 + 2 y 2 + 3z 3 - A(x +y + z) 
Diem Max, Min la nghiem cua he 


14 

Khido P = — . 

6561 


r 2x-A = 0 
4y-A = 0 
9z 2 -A = 0 


x 

y 

z 

A 


2 _ 

81 

J_ 

81 

2 _ 

27 

4_ 

81 


Xet cac truong hop tai bien 


Truong hop l:z = 0. Khi do x+y = 


1 

9 


va L(x, y,0) = x 2 + 2y 2 -A(x+y) = g(x, y) 


Diem Max, Min la nghiem cua he 


2x-A = 0 
4y-A = 0<^> 


1 

y ~ 27 

A = — 
27 


Khido P 


2 

243 


Tuong tu voi cac tnrbng hop con lai 


[ 1 . 2 . 1 11 - 6^ 46 - 32yf2 ] 

[81’81’243’ 243 ’ 243 J 
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So sanh tat ca, ta di den dap an: 


, 14 212 

Ket luan: MinP =-khi va chi khi x = —; v = — \z = — 

-*- 6561 81 ' 81 27 

2 1 

MaxP = — khi va chi khi x = 0;y = -;z = 0 
81 9 


Vi du 6 . (1999 Canada Math Olympiad) 

Cho x, y, z la cac so dirong thoax + y + z = 1 • Chung minh rang: 


A= x y + y z + z x + xyz < — 


Giai 

Ihiet lap ham Lagrange L = x 2 y + y 2 z + z 2 x + xyz + h.(x + y + z- 1) 

[ 4 ' = 0 

Diem dung tai he <L y ' = 0 
[ L z ' = 0 

{ 2xy + z 2 +yz + /1 = 0 
2yz + x 2 + zx + A = 0 
2zx + y 2 + xy + A = 0 

Rut A ta dirge 2xy + z + yz = 2 yz+ £ + xz = 2 xz+ j + x) 

Ux-y)(x+y-z) = y(x-z) 

Cohemoi uy-zXy + z-*) = z{y-x) 

\{z-x)(z + x-y) = x{z-y) 

4 

Voi x = y = z ta co L = — 

27 

Voi x, y, z doi mot khac nhau ta co xyz = (^ + y - z)(y + z-x)(z + x - y) 

Vo nghiem do: xyz>(jc+y-z)(y + z-jc)(z+jc-y)(*) voi moi x,y,z khac nhau, 
dirong. 
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That vay xet khi x,y,z laba canh tam giac: 


( X+y - zKy+z - x) <l ?±y^±y±^ 

tt*t-xKz + x-,)*\ * + z - x l z + x - y > j=t 

(z + x- y X* + y-t)s( I+, - y ^ +y - g J-*» 

Nhan theo v6 cac bat dang thirc trenta co xyz>(v+y-z)(y + z-x)(z. +x-y) 


Khi x, y, z khong la ba canh tam giac thi co cac tnrbng hop sau xay ra 

i. Mot trong 3 tong (jc+ y -z);(y +z -x);(z +x -y) khong dirong, hai tong con 
lai dirong, gia sir tong khong dirong do la(jc+y-z) • Thi ve phai cua (*) 
khong dirong, ve trai cua (*) duong nen (*) hien nhien dung 

ii. Ton tai hai trong ba tong (jc+y-z);(y+z-x);(z+jc-y) khong duong, gia sir 
la (x+y-z)va (y + z-x), ta co jc+2y<z + y<v (vo li) 

Vay (*) luon dung. 


Dau bang chi xay ra khi x = y = z . Tir do diem dung tai x = y = z 


1 

3 


Lai co 



[ U 4 2 J 64 27 


Kgt luan ta co A= x 2 y + y 2 z + z 2 x + xyz< ^ 

Vi du 7 : Cho a,b,c thuc thoaa+b+c>0. Chung minh rang: 

3 

a 3 +b 3 +c 3 <(a 2 +b 2 +c 2 ) 2 +3abc (*) 

Nhan xet: Bai toan nay chua co dieu kien rang buoc nen ta chua the sir dung 
phuong phap nhan tir Lagrange, nhimg chu y bat dang thirc (*) la bat dang thirc 
thuan nhat, nen ta co the lam nhu sau 
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Giai 


Chuan hoa a 2 +b 2 +c 2 =1 ta co (*) trd thanh: a 3 +b 3 +c 3 < l+3aZ?c 

Thiet lap ham nhan tu Lagrange: L(a,b,c,A) = a 3 +b 3 + c 3 -3abc- A(a 2 +b 2 +c 2 -1) 


3a 2 - 3bc - 2aA = 0 


Diem dung la nghiem cua he 


3 b 2 - 3 ca - 2bX = 0 
3c 2 - 3ab-2cA = 0 


a +b +c =1 


Rut A ra ta dirge 


_ 3(a 2 -be) _ 3(b 2 -ac) _ 3(c 2 -ab) 
2a ~ 2b ~ 2c 

{ (a - b)(ab + bc + ca) = 0 
(.a - c)(ab +bc + ca) = 0 «• 

(b - c)(ab +bc + ca) = 0 


a = b = c 
ab + bc + ca = 0 


Khi a =b = c thi a 3 +b 3 +c 3 -3abc = 0<l 

Khi ab+bc+ca = 0 thi (a + b + c) 2 =a 2 +b 2 +c 2 + 2(ab + bc + ca) = l 
Lai co a+b + c> 0 nen a+b+c- 1 

TCr do a 3 +b 3 +c 3 -3abc = (a+ b + c)(a 2 +b 2 +c 2 -ab-be-ca) = \ 

3. Bai tap van dung 

1. Cho cac so thirc dirong a,b,c thoa man a 2 +b 2 +c 2 =3. Chung minh rang 

2 (a 2 b + b 2 c + c 2 a ) +15 > 3(a +b + c) + 4(ab + bc + ca) 

Huong dan: Thiet lap ham Lagrange, giai he diem dung ta dirge a = b = c. 

2. Cho a,b,c>Othoa a+b+c = 3.Tim Max cua P = (2a + c)b 2 + (a + c)(2c + a)b 
Huong dan: xet rieng cac trudng hgp bien, roi lap ham Lagrange cho tnrdng 
hgp tong quat dap so Max P= 6y/3 . 

3. Cho a,b,c> 0. Chung minh: a 3 +b 3 + c 3 +3abc>ab(a + b) + bc(b+c) + ca(c + a) 
Huong dan: Sau khi thiet lap ham Lagrange, giai he diem dung dugc 

a = b = c, sau do xet trudng hgp bien. 
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Tuong ter tren cherng minh cac bat dang there sau voi a,b,c> 0 
l a 2 (a-b)(a-c) + b 2 (b-c)(b-a) + c 2 (c-a)(c-b)> 0 
ii. a k (a - b)(a -c) + b k (b- c)(b -a) + c k (c- a)(c -b)> 0 

Cac bai toan nay la cac dang dac biet va tong quat cua bat dang there Schur 

4. Cho a,b,c> Othoa a+b+c = 0 va a 2 +b 2 +c 2 =2 . Tim gia tri nho nhat va Ion 
nhat cua : 

P = a 3 +b 3 +c 3 

Huong dan: tuong ter bai VD2, ta se dung nhan tu Lagrange de tim dieukien 
dau bang xay ra roi sir dung bat dang thuc Cauchy Schwarz. 

5. Cho n> 2va x l ,x 2 ,....,x n -,y 1 ,y 2 ,....,y n la 2n so there thoa man dieukien 

Zt 2 = i;Zt 2 = i;Ztt=o 

Chung minh rang: + X - v - j ~ n 

Huong dan: Dat A= ^ .v,, B=^ v ( . 

Lap nhan ter Lagrange, viet phuong trinh tim diem derng tong quat. 

Suy ra duoc dau bang xay ra khi Ax t + By t = 1 roi phan tich thanh tong cac 
binh phuong. 

6. Cho x, y thoa man dieu kien lx 2 +2xy + 4y 2 -3 = 0 
Tim gia tri nho nhat cua: 5x 2 + 2xy + 3y 2 

7. Cho a,b,c,d > 0 . Chung minh ring 

a 4 + b 4 +c 4 + d 4 + 2abcd >^a 2 b 2 

Huong dan: Sau khi lap ham nhan ter Lagrange va dua he diem dung, dung 
bai toan 3 ve bat dang there Schur de chemg minh rang he co nghiem duy nhat 
khi a = b = c = d hoac a=0,b = c = d va cac hoan vi, ter do di den ket qua. 

ft "- 1 

8. Cho l 1 ' . Tim gia tri Ion nhat cua P = ^ a 3 
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Huong dan: Tirong tir bai 4 

9. Cho \ ' 1 . Tim gia tri nho nhat cua P = ^a, 3 

= 13 

Huong dan: Tirang tu* bai 9 

10. Cho a,b,c,d,e thnc thoa a+b + c + d + e = 0. Chung minh rang 

ab+bc + cd + de + ea < yj 5-1 
a 2 +b 2 +c 2 + d 2 +e 2 2 

Tai lieu: 

i. Vo Quoc Ba Can — Tran Quoc Anh Su dungphucmgphap 
Cauchy-Schwarz de chung minh bat dang thuc. 

ii. Tran Phirong Nhimg vien him cuomg trong bat dang thuc toan hoc. 

iii. Diendantoanhoc.net 
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KET LUAN 

Bai viet trinh bay mot so ky thuat chung minh bat dang thu'c tu co dien den 
hien dai, cac y tirong, vi du va bai tap da dirge sap xep mot each co he thong 
nham giup cho doi tirong hoc sinh co dieu kien on tap, nghien cmr va phat 
trien. 

Do trinh do con han che nen trong bai viet khong the tranh khoi nhrnig sai 
sot ve trinh bay cung nhir ve chuyen mon. Rat mong quy thay co va ban doc 
dong gop y kien de de tai co the tro thanh mot tai lieu tham khao tot. 

Xin chan thanh cam on. 
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